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Abstract 

In this article we propose a new, explicit and easily implementable numerical method for 
approximating a class of semilinear stochastic evolution equations with non-globally Lipschitz 
continuous nonlinearities. We establish strong convergence rates for this approximation method 
in the case of semilinear stochastic evolution equations with globally monotone coefficients. Our 
strong convergence result, in particular, applies to a class of stochastic reaction-diffusion partial 
differential equations. 
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1 Introduction 

In this article we are interested in strong approximations of stochastic evolution equations (SEEs) 
with non-globally Lipschitz continuous nonlinearities. In the literature, there are nowadays a number 
of strong approximation results for such stochastic evolution equations on hnite dimensional state 
spaces, that is, for hnite dimensional stochastic ordinary differential equations (SODEs). For exam¬ 
ple, Theorem 2.1 in Hutzenthaler et al. na (see also Theorem 2.1 in Hutzenthaler et ah [13]) proves 
that the classical explicit Euler scheme (also known as Euler-scheme or Euler-Maruyama scheme; 
see Maruyama Bl) diverges strongly and numerically weakly in hnite time time when applied to 
a SODE with superlinearly growing (and hence non-globally Lipschitz continuous) nonlinearities. 
Theorem 2.4 in Hu HD] establishes that the drift-implicit Euler scheme (also known as Backward 
Euler scheme or implicit Euler scheme) overcomes this lack of strong convergence of the explicit 
Euler scheme and converges with the usual strong order y 2 to the solution process in the case of 
some SODEs with non-globally Lipschitz continuous but globally monotone coefficients. However, 
the drift-implicit Euler scheme can often only be realized approximatively and this approximation 
of the drift-implicit Euler scheme is computationally more expensive than the explicit Euler scheme, 
particularly when the state space of the considered SEE is high dimensional (see, e.g.. Figure 4 in 
Hutzenthaler et ah Cl). because the solution of a nonlinear equation has to be computed approxi¬ 
matively at each time step. In Hutzenthaler et al. na a modihed version of the explicit Euler scheme, 
which is explicit and easy to implement, has been proposed and shown to converge with the usual 
strong order 1/2 to the solution process in the case of some SODEs with non-globally Lipschitz con¬ 
tinuous but globally monotone coefficients. The above mentioned articles contain just a few selected 
illustrative results and a number of further and partially signihcantly improved strong approximation 
results for SODEs with non-globally Lipschitz continuous nonlinearities are available in the litera¬ 
ture; see, e.g., [21, [m, [12], [2Q], [26], [27], [28], [29], [31], [32], and the references mentioned in 
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the above named references for some strong numerical approximations results for explicit schemes 
and multi-dimensional SODEs with non-globally Lipschitz continuous coefficients. At least parts of 
the above outlined story has already been extended to SEEs on inhnite dimensional state spaces 
including stochastic partial differential equations (SPDEs) as special cases. In particular, it is clear 
that Theorem 2.1 in Hutzenthaler et ah na also extends to some SEEs with superlinearly growing 
nonlinearities on inhnite dimensional state space (see Section 5.1 in Kurniawan 1221). More specih- 
ally, the explicit, the exponential, and the linear-implicit Euler method are known to diverge in the 
strong and numerically weak sense in the case of some SPDEs with superlinearly growing coefficients. 
Moreover, strong convergence but with no rate of convergence of an full-discrete drift-implicit Euler 
method has, e.g., been proven in Theorem 2.10 in Gyongy & Millet [7] in the case of some SEEs with 
non-globally Lipschitz continuous nonlinearities; see also, e.g.. Theorem 7.1 in Brzezniak et al. [3] and 
Theorem 5.4 in Kovacs et al. 1211. Furthermore, in Gyongy et al. |8], in Hutzenthaler & Jentzen m 
equation (3.145)], and in Kurniawan [22] appropriately modihed, explicit and easily realizable ver¬ 
sions of the explicit, the exponential and the linear-implicit Euler scheme have been considered for 
approximating semilinear SEEs with non-globally Lipschitz continuous nonlinearities. In addition, 
in Gyongy et al. [8] and in Kurniawan 1221, it has also been proved that the considered approxima¬ 
tion methods converge strongly to the solution processes of the investigated SEEs. The results in 
Gyongy et al. [S] and in Kurniawan [22] do not prove any rate of strong convergence. In this article 
we propose a modihed variant of the scheme considered in Kurniawan [221 Section 2] and prove for 
every p G (0, oo) that this scheme convergences in strong L^-distance with an appropriate strong rate 
of convergence in the case of a class of semilinear SEEs with non-globally Lipschitz continuous but 
globally monotone nonlinearities; see Theorem 17.61 fthe main result of this article) in Section [7] below 
for details. To the best of our knowledge. Theorem 17.61 below is the hrst result in the literature which 
establishes a strong convergence rate for an explicit and easily implementable full-discrete numerical 
approximation method for semilinear SPDEs with non-globally Lipschitz continuous nonlinearities. 

In the remainder of this introductory section we illustrate Theorem 17.61 by presenting a con¬ 
sequence of it in Theorem 11.11 below. For this we consider the following setting (see Section [7] 
below for our general framework). Let {H, (•, ■)!{, IMIh) ^^^1 {U, (•, ■)u, ||•||[;) be separable R-Hilbert 
spaces, let H C 77 be a countable orthonormal basis of 77, let U C 7/ be an orthonormal basis of 
77, let A: El —)■ ]R be a function satisfying sup^jgjjA/i < 0, let A: D{A) C 77 —)■ 77 be the linear 
operator such that D{A) = {u G 77: J2heM\^h{h,v) nf < cxd} and such that for all v G D{A) it 
holds that Av = nh, let {Hr, (•, G R, be a family of interpolation spaces 

associated to —A (see, e.g.. Theorem and Dehnition 2.5.32 in HU), let T G (0, cxd), c G [1,cxo), 
7 G [0, 1 / 2 ), a G [0,1 - 7 ), /3 G [0, 1/2 - 7 ), 5 G [ 0 , 7 ], ^ G Hy^, 9 G (0, 1 / 4 ], p G [2, cx)), k G (2/p, 00 ), 
e G (0,oo), F G C{H^,H),B G C(i7.y, HS(7/, 77)), let (D, 7^, P) be a probability space with a normal 
hltration {Ft)t&[o,T], let (lTt)jg[Q 2 ,] be a cylindrical Id[/-Wiener process with respect to {Ft)t&[o,T], let 
X \ [0, T] X D —)■ 77.y be an (7^t)tg[o,r]-adapted stochastic process with continuous sample paths such 
that for all t G [0,T] it holds P-a.s. that 

= [ e(*-")^F(X,) ds + [ dW^, (1) 

Jo Jo 

let (P/)/g 7 o(H) C L{H) and (Pj)je'P(u) ^ L{U) be the linear operators with the property that0 for all 
X e H,y eU, I e P(IHI), J G P(U) it holds that Pi{x) = Y.hej{h,x)Hh and Pj{y) = 

^Here and below we denote for a set S by V{S) the power set of S and we denote for a set S by VAS) the set 
given by Vo{S) = {M G V{S): M is a finite set}. 
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let : [0,T] x —)■ iV G N, J G 'P(IHI), J G P(U), be (J^i) 4 g[o,T]-adapted stochastic processes 

such that for all t G [0,T], G N, J G P(IHI), J G P(U) it holds P-a.s. that 


/ [wPinyCst^^^mH- 


-t 


'0 


+11 ) II ifsu/.if) < (f)'} r/iv 




-It/N’ 


_|_ / g(i“WT/Af)^ ][ 


( 2 ) 




and assume that for allx, 2 / G H^,v,w G ifi it holds that {v, F{v)) ^ II-^('^)IIhs(c/h) — 
c(l + \\v\\h) , max{||F(a;)||/^_„, ||5(a:)||HS(t/,rf_^)} < c (1 + ||a;||^), {v -w, Av - Aw + F{v) - F{w)) h + 
\\B{v) - 5(M;)||Hg(^p) < c ||u - wfj^, and max{||F(a;) - F{y)\\j^ , \\B{x) - < 

c||3^~2/||_h'^(1 + ||2^|Ih + II2 /|Ih)- following we refer to the numerical approximations in (|2]) as 

nonlinearities-stopped exponential Euler approximations (cf., e.g., Kurniawan [22l Section 2]). 


Theorem 1.1. Assume the setting in the second paragraph of SectionUl Then for every p G [0, ^ 2 ) 
there exists a real number K G [0, 00 ) such that for all N E ¥\, I E Po(m), J ^ ^o(U) it holds that 


sup 

te[o,T] 


X - Y, 


NJ,J\ 


\Lp(F;H) 


< K + 


sup \h 

hem\i 


(S-r)) 


+ sup 

V&Hr, 


ll■B(-u)i\;\JllHS(l7, 


H-r,) 


(l + lhllifr,)'' 


( 3 ) 


Theorem o is a direct consequence of Theorem 17.61 in Section [ 7 ] below. In the following we give 
an outline of the proof of Theorem 17.61 and we also sketch the content of the remaining sections of 
this article. The proof of Theorem 17.61 is divided into several pieces. First, in Section |2] we establish 
a priori moment estimates for the approximation scheme ([2]) in the ifo-norm. In Section [3] we use 
twice suitable bootstrap-type arguments to strengthen these a priori moment bounds in the ido-norm 
to obtain for any p E {— 00 , 1 / 2 ) a priori moment estimates for the approximation scheme ([ 2 ]) in the 
id^-norm. In Section 0] we use the a priori moment bounds established in Sections [2] and [3] to estimate 
the temporal discretization errors of the nonlinearities-stopped exponential Euler approximations in 
O; see Corollary 14.41 in Section 01 Our main idea in the proof of Corollary 14.41 is not to estimate the 
error of the numerical approximations ([2]) and the solution process X of the SEE ([1]) directly but 
instead to plug, similar as in Jentzen & Kurniawan [TSl (11), (70), (136)], appropriate approximation 
processes, so-called semilinear integrated counterparts of ([2]), in between, to estimate the difference of 
the numerical approximations ([2]) and their semilinear integrated counterparts in a straightforward 
way (see Lemma l4.2p and to employ the perturbation estimate in Theorem 2.10 in Hutzenthaler 
& Jentzen m to estimate the differences of the solution process of the considered SEE and the 
semilinear integrated counterparts of the nonlinearities-stopped exponential Euler approximations 
(see Lemma 14.31) . Combining Lemma 14.21 and Lemma 14.31 with the triangle inequality will then 
immediately result in Corollary 14.41 In Section |5] and Section [6] we establish an auxiliary spatial ap¬ 
proximation result (see Proposition 16.41 in Section [6]) which we use in Section [ 7 ] to prove Theorem 17.61 
In addition, we use consequences of the perturbation estimate in Theorem 2.10 in Hutzenthaler Sz 
Jentzen m to establish strong convergence rates for spatial spectral Galerkin approximations (see 
Lemma 17.ip and for noise approximations (see Lemma 17.2p of the considered SEEs. Combining 
the spatial approximation result in Lemma 17.11 in Section [ 7 ] and the noise approximation result in 
Lemma 17.21 in Section [ 7 ] with the results established in the earlier sections of this article (especially 
the temporal approximation result in Corollary 14.41 in Section 0]) will then allow us to complete the 
proof of Theorem 17.61 in Section [71 In Section 0] we illustrate the consequences of Theorem 17.61 and 
Theorem 11.11 respectively in the case of an illustrative example SPDE. 
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More formally, suppose that {H, (•, •)^ , \\-\\jj) = {U, (•, •)^ , IHIj;) is the IR-Hilbert space of equiv¬ 
alence classes of Lebesgue square integrable functions from (0,1) to IR, let p G (0, cxoh (r„)„g]N C ]R, 
and (e„)„g]N C H satisfy that El = {ei, 62 ,... }, that sup^gj^^ {n |r„|) < 00 , and thatn for all n e N 
and /i(o,i)-almost all x G (0,1) it holds that e„(a;) = \/ 2 sin(? 7 , 7 ra;), Ae„ = and ^{x) > 0, 

let Q G Li{H) satisfy that for all v E H it holds that Qv = J2^=irn {en,v )h assume that 
7 G ( 1 / 4 , 1 / 2 ), and assume that for all v G H^, u E H and /i(o,i)-almost all x E (0,1) it holds that 
(F(n))(x) = |n(a:)| {p — v(x)) and (B(v)u)(x) = v(x) ■ (Q^^^u)(x). The stochastic process X is thus 
a solution process of the stochastic reaction-diffusion partial differential equation 


dX,(x) = 


£Xt(x) + Xt(x) (p - Xt(x)) dt + aXt{x) dWt{x), Xo{x) = i{x), X^ = X^il) = 0 


for t E [0,T], X E (0,1). Then we show in Section [ 8 ] that Theorem 11.11 ensures that for every 
q,L E (0, 00 ) there exists a real number K E [0, 00 ) such that for all N,n,m E ¥l it holds that 


sup 

t&[0,T] 


X - X 


N,{ei,e2,...,en},{ei,e2,...,em} I 


< K 

L‘i{¥-,H) — 


+ 


_/\r(V2—'-) 


+ 


m 


(1-0 


(4) 


In particular, this shows that for every q,i E (0, cxo) there exists a real number K G [0, cxd) such that 
for all n G N it holds that sup^g^Qj.] \\Xt — ^ ^ 


1.1 Notation 

Throughout this article the following notation is used. For a set S we denote by Id^ : S ^ S the 
identity mapping on S, that is, it holds for all a; G S' that Id 5 (x) = x. For a set A we denote by 
V(A) its power set, we denote by l^l G {0,1,2,...} U {cxd} the number of elements of A, and we 
denote by Vo{A) the set given by Vo{A) = {B E V{A) \ \B\ < 00 }. For measurable spaces (fli, J^i) 
and {yt 2 )X 2 ) we denote by M(Xi,X 2 ) the set of all /J^ 2 -iiieasurable functions. For topological 
spaces (X,Tx) and (V,ty) we denote by C(X,V) the set of all continuous functions from X to V. 
For a topological space (X, r) we denote by jtS(X) the sigma-algebra of all Borel measurable sets in 
X. Let [-J/i: R — R, h G (0, 00 ), be the mappings with the property that for all h E (0, cx)), f G R it 
holds that [t\h = max |(— cxo, t] fl {0, h, —h, 2h, —2h, ...}}. For a natural number d G N and a Borel 
measurable set A G i3(R'^) we denote by pA'- J3{A) -E [0, cxd] the Lebesgue-Borel measure on A. For 
a normed R-vector space (V, IMIt/) and a real number p E [0, 00 ) we denote by Lp(V) the set given 
by Lp{V) = {AeL{V): \\AUiv)<p}- 


1.2 Setting 

Throughout this article the following setting is frequently used. Let {H, (•, ■)h, IMIh) > ('! ')u, IMIc/) 

be separable R-Hilbert spaces, let EI C if be a non-empty orthonormal basis of H, let U C be 
an orthonormal basis of f/, let A: EI —>■ R be a function satisfying sup^jgjj A/j < 0, let A: D{A) C 
H ^ H he a linear operator such that D{A) = G id: J2heu\^h{h,v)Hf < cxd} and such 
that for all v E D{A) it holds that Av = J2heM^h{h,v)Hh, let {Hr, {■, ■)Hr,\\'\\Hr)A G R, be a 
family of interpolation spaces associated to —A (see, e.g.. Theorem and Definition 2.5.32 in [T 6 ]L 
let a, f3,'y E [0, 00 ), T G (0, 00 ), a,c,C E [1, 00 ), 5 E [0, 7 ], 9 E (0, 4], p g [2, cx)), let (D, X, P) be a 
probability space with a normal filtration {Xt)t&[o,T]) let ^ G Ai{Xo, B{H^)), and let be a 

cylindrical Idt/-Wiener process with respect to {Xt)t&[o,T]- 

^Here and below we denote for a natural number d G N and a Borel measurable set B G R(R'^) by ps '■ B{B) —^ 
[0, 00 ] the Lebesgue-Borel measure on B. 
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2 Strong a priori moment bounds for nonlinearities-stopped 
schemes 

In this section we establish strong a priori moment bounds for a class of nonlinearities-stopped 
exponential Euler approximations; see Lemma 12.21 below for the main result of Section [2j Related 
arguments/results can, e.g., be found in Section 2 in Kurniawan [22] and in Section 3 in Gyongy et 

ah [Sj. 


2.1 Setting 

Assume the setting in Section [TT21 let F G , B G N G 

N, a: G [0,cx)) satisfy AT = 3(p - 2) + 20^/^ + let F: [0,T] x G ^ be an 

(J-i)tg[o,T]-adapted stochastic process such that for all t G [0,T] it holds P-a.s. that 


Yt 


giAf _|_ / g(t—LjT/Ar)A j 

Jo 

_j_ / g(i“LhT/jv)^ ][ 


{lT(W 

{lT(n 


It/tv 


s\t/N 


^ hR/^v) 

«+l|5(nnT/iv)ll«^(v.^.)<(f)'} dWs, 


(5) 


and assume that for all x G AI.^ it holds that {x, F{x))h + II-®(^)IIhs(c/h) R (1 -|- ||x||^). 


2.2 Strong a priori moment bounds for nonlinearities-stopped schemes 

lemma 2.1. Assume the setting in Section [AD and let x ^ H^h ^ (0,T],f G [0, h]. Then 


E 


e^^(x+ 1 


{ITG)IG+I|SG) 


\HS{U,H)- 


[tF(x) + /i B(x) dW.] 


H 


< {\\xr^ + Kt). (6) 


Proof of Lemma [Ril W.l.o.g. we assume that ||F(x)||j|^ -|- ||A?(a^)||Hs(c/H) R (otherwise ([6]) is 
clear). Let : [0, T] x 12 —)■ iA, x G AA, be stochastic processes such that for all t G [0,T],x G H 
it holds P-a.s. that = x + F{x) ds -|- f* B(x) dWg and let /: AA —IR be the function with the 
property that for all x G AT it holds that /(x) = ||x||^. Then / is twice continuously differentiable 
and for all x, n, tc G Af it holds that 

p||x||^"^ {x,v)h, 

\p\\x\\H-‘^{v,w)H+p{p-2)\\xfH'^{x,v)H{x,w)H, X^O (7) 

[a ll^lIrT^ X = 0. 


/'(x)(n) = 
f”{x){v,w) = 


6 










Ito’s formula hence proves that it holds P-a.s. that 


lir,1lH = no'll?, + / + + / !'(Yr)B(x)dw, 


uSU 


= \\yorH+ / p\\ysYH"{y:,F{x))Hds+ / p\\Y:r-^{Yf,B{x)dw.)H 

Jo Jo 

+ 5 /' E [p II^."IIh " Wx)u, B(x)u)„ + p(p - 2) ||F/||S-‘ KF/, B(,x)u) 


H\ 


uSU 


( 8 ) 


ds. 


The triangle inequality, Fubini’s theorem, and the Holder inequality therefore show that 

EIIIF/II?,] 

< E[||F?r„] +p f‘E[\\YX„-" {Y7 .F(x))m] + f‘li\\KWi:uev\\B{x)u\\ 

(x,F(i))„ + £ii||B(i)||^s,^,„,] [‘e[\\YXY] * 

Jo 

+ P I 1i[\KrY{F(p)^ + JSB{x)dWr,F{x))^]ds 

Jo 

< ||a;||^+p {x, F{x))h + ^ \\B{x)\\lg^^j^^ 


ds 


= \\x\\^jj + p 


(9) 


\\ysYLn^;H)ds 


+ P / \\Yf\\l-(^.^^^\\{F{x)s + !^B{x)dWr,F{x))J LP/2(P;H) 

'j 0 

In the next step we apply the Cauchy-Schwarz inequality and the Burkholder-Davis-Gundy type 
inequality in Lemma 7.7 in Da Prato & Zabczyk [5] to ([9]) to obtain that 


EIIIFfliy < \\xr„+pC [1 + llxliy j‘ IIF/II 


P-2 

LP{V;H) 


+ p/ lir/ll?T«, ||F(nilt* + \/5!l|BWII HS(;7,H) \\F{x 


\H 


( 10 ) 


ds. 
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Young’s inequality hence proves that 


nWYtTn] < + P 


>0 




LP{F-,H) 


rt r- 


ds+p lc^\xr^ + ^-f\\Yn\l 


>0 


LP{V;H) 


ds 


+ Pl Y + ? 


iiFn)ii^,s+\/ipiBWii„s(i,,H) ii^’wii 


P 

2 


H 


ds 


= lkr«+ / 2Ci + {p-2)\\Y-\\l,(r,H)<i»+ / 2\\x\\’‘„Ci+ (p-2)\K\\l,^^_„^d, 


+ / (P - 2 ) llnll V,„, + 2 l|FWIIts+v^!l|BWIlHSWH)linnilH 
Jo 

= ||x||^+ 3 (p- 2 ) f \\Yf\\l,^^.^ds 


ds 


(11) 


+ / 2 C«(l + ||ir„) + 2 ||F(x)||is + ^f||B(i)||„s|„^„ll|FW||„ 


ds 


< \\x\fjj + 3(p — 2) / \\Y^\fLP(p.H) [1 + \\x\\h] + 2 


+ ft 


i-20 


t. 


Gronwall’s lemma therefore shows that 


E[nrr„i < 


X 


+ t (2(^2 [1 + ||x||f^] + 2 + fT^-2®] 


= (^(1 + 2tC'^/") ||x||f^ + t 2C^ + 2[T^-2® + " ) . 


( 12 ) 


Note that for all t G [0, T] it holds that 1 + 2tC^^'^ < Combining this with flT^ shows that for 

all t G [0,T] it holds that 


E[ll>"t''llH] < (^||a,||^ + 1 ( 20 ^/^ + 2[T^-^^ + fT^-^®] 

The proof of Lemma 12.11 is thus completed. 

lemma 2.2. Assume the setting in Section lKH and let t G [0,T]. Then 

E[r,r„]<(E[||F„||y + /«)e« 

Proof of Lemma Til, ill Lemma [2.11 implies that for all n G {1, 2,..., Y} it holds that 


(13) 
□ 

(14) 


E 


Iv K 

I I ^ 

I n^Wh 


< e 


Yn- 


-t\\h 






P^tWh 


+ Kj;)+Kj,)<...< 


mrp]"-'" + k^Y' 


TKjjM 


( 15 ) 




























Again Lemma [2.11 hence proves that 


.II?,] = E 


gh-Wr/jv)^/y. + Ir / 


< g-f^(*-hjT/]v) [ ]g 

< g-^h-hJT/iv) 


m 


hJ T/N 11 H 


+ K{t — [t\T/N) 


( 16 ) 


Lh T/N ^ 
j=i 

< E[||Fo|Ih] e^^ + Kte^K 


The proof of Lemma 12.21 is thns completed. 


□ 


3 Strengthened strong a priori moment bounds based on 
bootstrap-type arguments 

In this section we nse the strong a priori moment bonnds established in Section [2] to derive appro¬ 
priately strengthened strong a priori moment bounds for numerical approximation processes and 
solution processes of SPDEs; see Lemma 13.11 and Lemma 13.21 below. The proofs of Lemma 13.11 
and Lemma 13.21 are based on suitable bootstrap-type arguments. Bootstrap-type arguments of this 
kind have been intensively used in the literature to establish regularity properties of solutions of 
(stochastic) evolution equations. 


3.1 Setting 

Assume the setting in Section [L2l let F G , B G At (i3(Tr.y), i3(HS(17, il))), k G 

At (i3([0, T]), i3([0, T])) satisfy that for all s G [0,T] it holds that k{s) < s, and let Y, Z: [0,T] x 
Q ^ he (Ajigp^rj-adapted stochastic processes such that for all t G [0,T] it holds P-a.s. that 
jt ||e(t-AdMy(y^)||^ + ds < oo and 

Yt = e^^^+ [ ds + [ dW,. (17) 

Jo Jo 


3.2 A first bootstrap-type argument for a priori bounds 

lemma 3.1. Assume the setting in Section HO. let t G [0,T], assume that 7 < min{l — a, y 2 — (3}, 
and assume that for all x E it holds that max{||F(x)||j^_^ , ||i?(x)||jjg(^^ < C{1 -|- ||x||^). 

Then 


t\\LP(P-,H^) 


< lien 


LP{F;H^) 


+ C 


p-(7+a) 

l-(7+o) 


+ 


p(p-l-) ^V2-(7+/3) 


2(1-2(7+/3)) 


[1 + SUp,g[o,t] 


I 


^■,H) 


]. ( 18 ) 
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Proof of Lemma AS. 1[ The triangle inequality and the Burkholder-Davis-Gundy type inequality in 
Lemma 7.7 in Da Prato & Zabczyk [5] imply 




< lien 


LP{¥-,H^) 


+ 






LP{V-,H~f) 


ds 


p(p-i) / |Lq-K(s)'<4 7^/^ X ii2 


n V2 




\LP{¥-,HS{U,H^)) 


ds 


(19) 


Note that, e.g., m Theorem 2.5.34 and Lemma 2.5.35] proves that 


|e(*-'^("))^F(Z,)|| 




( 20 ) 






LP(P;]R) 


ds 


<C I (t-s) G+«)(]l + \\Z,\\lpa(p.H)) ds < (7+«)(]l + sup,g[ 0 ^j] ||^.||2 p“(P;H)) 


and 


'0 


\ed-P^))^B{Z,)\\ 


LP{W-,nS{U,HP) 


ds< f ||e(* ||5(Z,)|||p(p.HS(c/,//_^))ds 


'0 


-t 


( 21 ) 


< / 111 _1_ II 7 11“ Ir ds < ^1-2(7+/3) a _|_ II 7 ||a V 

- / (t-K(s))2(7+/3) ||-‘- + II^s|Ih||lp(P;]r) i_2(.y+^)t G + ®’^Pse[0,t] II^s||lp“(P;J7); 

V 0 


Putting fl2nl) and into flT^ yields flTSll . The proof of Lemma [3T] is now completed. 


□ 


3.3 A second bootstrap-type argument for a priori bounds 

lemma 3.2. Assume the setting in Section VJ.li letr] E [ 0 , 1 / 2 ),^ E (0,T], and assume that ||||F(Z 5 )||ji/ 
||5(^s)||HS(c/,rf)||^p(p.]R) < 00 . Then it holds that¥{Yt E n^e(- 00 , 1 / 2 )^fr) = 1 and 

\\yt\\Lp(p-,Hr,) < ||e*^elUp(P;Hp) + sup^e[o,i] ||-^(^s)||Lp(P;n-) 

+ \/ ^^Pse[0,t] ll^(2's)|Up(P;HS((7,r/))- 


( 22 ) 


Proof of Lemma \S. A First observe that, e.g.. Theorem 2.5.34 in [16] proves that for all r G [0, 1 / 2 ) it 
holds that 


|e«-)-‘iF(z,)||„,,,„^,* < sup.,[„,^| ||F(Z,)||h / ll(-xl)’e'‘-)x'||t|„, ds 


(23) 


< ||F(Z,)||h / (t-s) ’■* = sup,5[„j| II-F(Z.)IIh7t < 


and 


< sup,g[o,T] l|5(^.)l|HS(n,H)' 


-Ayed-^^^\\l^H)ds 


( 24 ) 


< sup,g[ 0 ,T] l|5(^.)l|HS(c/,rf)W I {t- s)- 2 i'ds = sup,g[ 0 ,r] ll^(^*)llHS(n,H)^^ < 00 
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Next note that fl2^ and fl2^ prove that P(Fi G ^r&(-oo,y 2 )Hr) = 1- Moreover, observe that fl23|) . 
and the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk [5] imply 
fl22D . The proof of Lemma [3.21 is thus completed. □ 


4 Strong temporal error estimates for nonlinearities-stopped 
schemes 

In this section we estimate temporal discretization errors of nonlinearities-stopped exponential Euler 
approximations; see Corollary 14. di below. For this we introduce similar as in Jentzen & Kurniawan [THl 
(11), (70), (136)] suitable semilinear integrated counterparts of the nonlinearities-stopped exponential 
Euler approximations. Then we estimate the differences of the nonlinearities-stopped exponential 
Euler approximations and their semilinear counterparts in a straightforward way (see Lemma 02]) and 
we employ the perturbation estimate in Theorem 2.10 in Hutzenthaler & Jentzen m to estimate the 
differences of the solution process of the considered SPDE and the semilinear integrated counterparts 
of the nonlinearities-stopped exponential Euler approximations (see Lemma IT3|l . Combining Lemma 
14.21 and Lemma 14.31 with the triangle inequality will then immediately result in Corollary 14.41 


4.1 Setting 

Assume the setting in Section IT21 let G N, F G B G M.[B{H^), B(RS{U, H))), 

assume that 7 < min{l — 0 , 1/2 — /5}, let X: [0,T] x fl ^ be an (Ft)ig[o,T]-adapted stochastic 
process with continuous sample paths such that for all t G [0,T] it holds P-a.s. that 




(25) 


let Y: [0, T] X D —)■ be an (Ft)ig[o,T]-adapted stochastic process such that for all t G [0, T] it holds 

P-a.s. that 




(26) 


and let Y: [0, T] x D —)■ be an (Fi)tg[o,r]-adapted stochastic process with continuous sample paths 

such that for all t G [0,T] it holds P-a.s. that 


Y = 




(27) 


4.2 Analysis of the differences between nonlinearities-stopped exponen¬ 
tial Euler approximations and their semilinear counterparts 

lemma 4.1. Assume the setting in Section [LE and let Z G A4(X, B{H^)), n G [%, 00). Then 


{\\nZ)\\H + \\B{Z)\\„s(u,H)<{^)'} 


LP(P;]R) 




(28) 
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Proof of Lemma f.L Markov’s inequality shows that 


1-1 




P 


(\\F{Z)U + \\B{Z)Usw.h))"‘'’ > (yT” 


( 29 ) 


< (W E[(l|F(z)li„ + i|B(z)li„s,i,,«))“J " = (5 )'‘I|II^’(^)IIh + IIs(z)|Iw.«)II^/.(,*i 

— (^) (I|B(Z)||l'^p/(1(]p.;j) + ||B(Z)||^Kp/fl(p.jjS(t/,;f))) " . 

The proof of Lemma 14.11 is now completed. □ 

lemma 4.2. Assume the setting in Section\4fJ\ o-nd /ef p G [5,1 — 5), t G [0,T]. Then 

Wt - yt\\Lp(v-,Hs) 


^ max{l,r^G} ^^^(j-p)/2 
— 1—(5—p 


1 + sup \\F{Ys)\\j^P/ 0 (p.^ + ^ sup \\B(Ys)\\LP/e(p.Y[s{U,H)) 

se[o,r] ^ se[o,r] 


1+^ (30) 


Proof of Lemma Note that 

rt 


Jo 


LP{V-,Hs) 


ds 


+ 


LPiV;Hs) 


ds 


^ (eh-hlw.M _ e(-M) J 

LP(P;H,)' 

Moreover, observe that, e.g., m Theorem 2.5.34 and Lemma 2.5.35] implies that 


(31) 


LP{V-,Hs) 




LP(P;Hj) 


ds 




t(H)l 


< 
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In addition, note that Holder’s inequality, e.g.. Theorem 2.5.34 in [16], and Lemma [4.11 prove that 


^ {lTTwT/iv)ll 




T/N 

1-1 




< 


(t s) ||F(yLsJr/iv) |Il2p(p.^^) 


1-1 




ds 

L 2 p(P;]R) 

ds 

L 2 p (P;]R) (33) 


sup ||T’(L;)||i2p(p.H) 
se[o,r] 


— 1-5 V N 


sup \\F{Ys)\\]^P/e(^p.jj) + sup ||i?(L's)|| 2 ,p/e(p.HS(C/,r/)) 

s&[o,T] se[o,r] 


< sup ||F(n)|U 2 p(p^^) 

se[o,T] 


sup \\F{Ys)\\LP/B(f.ff-j + sup ||S(Hs)||2,p/S(P;HS(i7,ir)) 

se[o,T] se[o,r] 


Furthermore, the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk [5], 
and, e.g., [121 Theorem 2.5.34 and Lemma 2.5.35] show that 




LP{F-,Hs) 


< 


< 



eh-WT/iv)A _ eh-«)A)5(rLqT/^ 


LP{V-,HS{U,Hs)) 


ds 


'p(p-i) 




— P+S 


(34) 


- s^P^g[o,T] \\B{Ys)\\LPir-,ns{u,H))]J p-J/p+l - —ds 

< \/ ^^'Ps€[0,T] ||5(^s)||LP(P;HS(f/,H))- 
Moreover, the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk 
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Holder’s inequality, Lemma [4.11 and, e.g.. Theorem 2.5.34 in [16] prove that 


p(p-i) 






< 


< 


< 




LP{¥-,Hs) 

ds 


LP{¥-,HS{U,Hs)) 


^{t-s 


^ ^(^WT/iv)|L2p(p.Hs(c/,r/,))l|l ^{||F(yL.j^,^)ll«+l|s(yL.j^,^)llHS(c/,«)<(f)'} 


{t s) "'^||H(FLsj^/^)|li 2 p(p.Hs(t/,H))lll ^{||F(yL,j )||«+||B(yL,j )||HS(a,«)<(f)'} 


ds 


— (1-25)N II-®(^s)IIl2p(P;HS(C/,//)) 

se[o,r] 


— N{l-25) ®|^I^JI-®(^s)llL2p(P;HS(C/,r/)) 


sup \\F{Ys)\\]^p/e(p.jj^ + sup \\B{Ys)\\^P/e(p.Y[s{U,H)) 
se[o,r] se[o,r] 


sup \\F{Ys)\\]^P/e(p.H') + sup ||H(Fs)||j;^P/e(p.jjs((7,//)) 

se[o,T] se[o,r] 


(35) 


Combining fl3l|) -(l3 ^ shows that 

WYt — yt\\LP{¥-,Hs) < [suPgg[o,T] \\F{Ys)\\LP/e(^p.^ + SUp^gjg.T] l|-®(^s) IIl^/«(P;HS((7,H))] 
■ '^I-S ®^Pse[0,T] \\F{Ys)\\l'2p{¥-H) + \l ^(1^-25)^^ SUPse[0,T] l|-S(H5)|lL2p(p.HS({/,rf)) 

This completes the proof of Lemma 14.21 


(36) 


□ 


4.3 Analysis of the differences between semilinear integrated nonlinearities- 
stopped exponential Euler approximations and solution processes of 
stochastic evolution equations 

lemma 4.3. Assume the setting in Section [7^ let p G [6,1 — 6), rj E [5, |), £ G (0, cxd), assume 
that sup^jgji |A/i| < oo, and assume that for all x,y E it holds that max{||F(a;) — F{y)\\H, \\B{x) — 
5(2/)||hs(c/,h)} < CWx-yWHsi^+WxWtt^ + WyW^^) and {x-y, Ax+F{x)-Ay-F{y))H + ^^^^^\\B{x)- 
Biy)\\m{u,H) < C'll^ - vWh- Then 


suPk|0,ti \\Xt - numm < + ./.)p)‘''-'exp(l£i!|±lM) 


1 +sup^g[07'| ||^'(P's)||/,2p/9(p.f/) + \/p(2p iySUPsg[|)_7.| ||2?(ls)||L2p/e^p,Hg^f;/,p 

SUPs6[0,T] \\Ys\\L^P{¥-,Hr,) ) ( ^ + ^Up^gjo^T] \\Ys\\l'2p'={V-,Hj) + SUp^g^^r] ll^s|lL2pqP;H.^) 




(37) 


Proof of Lemma \4 ■ 3| Throughout this proof let y G [0, cxo) be the real number given by x = 

p V- ■ 2 


c(p_p _l_ c{p Att+^ IYiy We intend to prove Lemma 14.31 through an application of Theorem 2.10 
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in Hutzenthaler Sz Jentzen m- To this end we now check the assnmptions of Theorem 2.10 
in Hntzenthaler & Jentzen m- Let X: [0, T] X —)■ be the stochastic process which sat¬ 

isfies that for all s G [0,T] it holds that Xg = e~^^Xs. Ito’s formnla then proves that for all 
s G [0,T] it holds P-a.s. that Xg = e^^Xg = ^ J- J^[AXu + F{Xu)]du + B(Xu) dWu- Similar 
we see that for all s G [0, T] it holds P-a.s. that Kj = ^ -f Jq[AYu +du + dWu- 

Next observe that for all x G it holds that ||F(x)||h < ||F(0)||// -|- C'||x||//^(1 -|- ||x||^^) and 
||-B(x)||Hs(( 7 ,rr) < ||5(0)||HS(r/,H) + C\\x\\hs{^ + II^IIhs(c/,h.,))- Combining this with the continnity of X 

and y implies that py.||„ + ||F(ypj„„)||« + l|B(yw„„)llHS(PH) + l|J"(y.)ll« + l|B(y.)llHS(itH) + 

+ ll-®(^s)llHS([/ir) ^ cipply Theorem 2.10 in Hntzenthaler 

& Jentzen |TT] to obtain that 


sup,e[o.T| IIX - y,IUs(P;f„ < p\\X - Yr„-^- [(X - y, ^(1') - F(il,jT,»))« 

+ "’-‘’y-'-’ iiain-jnJ - -s(y)ii?,s(a,H) - xiia- - ni]* 


'f'hM[0.T]®P;IR) 


(38) 


The Canchy-Schwarz ineqnality therefore implies that 


supt6[0,r] \\Xt - Yt\\LP(F-,H) < e^'+YT 

+ 


p||X - Yf-^ [||X - Y\\h\\F{Y) - 
(’'~‘>(y/.) ||g(yL-j.,j - B(y)iiHS(t/,H) - xiiA - ?iiy + 


■f'hM[o.T]®P;IR) 


(39) 


Next note that the assnmption that \/x,y G H^\ ||X(x) — F{y)\\H < C\\x — y\\Hs{^ + + ||l/|| 

and Yonng’s ineqnality imply that for all s G [0,T] it holds that 




\\Xg-Ygr-^\\F{Yg)-F{Y^g^^^^)\\ 


H 


< 


Cjp-l) 


ii-v - y.ii?,+fun - n.j„ji?„(i + unity + iiywx/Jiy)”- 


(40) 


Moreover, note that the assnmption that Vx, y G ||i?(x) — B{y)\\}is(u,H) < CHx — y\\Hs{^ + 
ll^ll^ + WvWh ) again Yonng’s ineqnality imply that for all s G [0,T] it holds that 


iix - nii?riB(n.j„„) - B(n)iiy(pH) 

< - nil?,+- nii?„(i + iiniiy + iiyw^jiy)” 

Combining fl39p - fl4ip with Holder’s ineqnality shows that 

sufteM lln - niUs(r;«, < C\\Y - nj„JI?,,(l + linily + lln-ix/aliy)' 


(41) 


cHp-i)(i + v.)iin.ix,» - i'litji + p'liy + iin-jx/jty)” 


-^^(M[o,t1 ®P;IR.) 


= e'l'+ATjc + c^p _ 1)(1 +1/,)) ||y _ ypj^,„||«,(i + iii'iiy + pyj,,j|y) 

< e<°+»>^(rcy(i + V))‘'''sup,,|„,,| iin - n.jx,»l 


lp(m[o,t]®P;]R) 


\l^p{¥-,Hs) 


(l -F snp^g[o,r] \\Ys\\hpo(p.Hj) + suPsg[o,T] II^LJt/jv llL2pqp;r/.y)) • 


(42) 
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Next observe that the triangle inequality implies that 

sup sup \\Z-Ys\\l 2 p(W.Hs}+ sup \\Y,-Yis]^^J\l2p(p.Hs)- 

se[o,r] s6[o,r] se[o,T] 

In addition, observe that the triangle inequality proves that for all s G [0,T] it holds that 


(43) 


+ 


+ 


g(s—[ mJt/jv)x4 


[sj T/N 


g(s-MT/Ar)x4 


[sj T/N 




L^P(¥-,Hs) 


L^P{¥-,Hs) 


(44) 


Furthermore, observe that, e.g., [161 Lemma 2.5.35] proves that for all s G [0,T] it holds that 




WT/iv)A _ < sup„g[ 0 ,T] \\Yu\\l^p{p-,h,) ||e^* Wr/iv)A _ 

< sup„g[0_'r] ||f^«||L2p(p.^^) (s - [sIt/nY < sup„g[o_'r] ||F;x||2,2p(p.^/^) [^Y . 

Moreover, note that, e.g.. Theorem 2.5.34 in [16] proves that for all s G [0,T] it holds that 

•*5 

g(s—[uJy/jv)A J 


(45) 


< 


{llF(n.]x,„)ll« + l|B(n.lx,„>lHS(KH)<(¥)’} 


FIt/AT 

< SUp„g[0,T] \\Y{Yu)\\l'2p(P;H) 


It/N' 

du 


L^P{P-,Hs) 


FIt/AT 


s - \u\TiNy'’du < sup„5|„_x] ||F(K„)||ilf,p,„, (J) 


(46) 


l-(5 


The Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk [5] and, e.g.. 
Theorem 2.5.34 in [T^ prove that for all s G [0,T] it holds that 


g(s—[4lJy/jv)A J 


hjT/A5 


{lTTw:r/iv)ll«+ll^(n-JT/iv)llHS(v«)<(f)'} ^^^L«JT/iv) dW^ 


L^P{P-,Hs) 


< Jp{2p-1) / ||e(^ 

y >^hJT/jv 

< Ypi^p- l)sup„g[o,T] l|^(^n)||L2p(p.HS(!7,H)) (^) Y 
Combining fl4T|) - fl47p implies that 

suPte[o,T] ll^t “ Ymj./^\\L2p(F-Hs) < (^) ^ V p(2p - 1) sup„g[o,r] \\B{Yu)\\l2p(p-us{u,h)) 

+ (By sup„g[o^2.] ||lC||x,2p(p.j^^) + (^) sup„g[o,r] ||-^(Lu)||l2p(p.j^). 

Furthermore, note that Lemma 14.21 proves that 
stiPte[o,r| ll^f - F)||l2p(p.//^) 


(47) 


(48) 


(49) 


^ max{l,T^t 2 } p, 0 -p )/3 

— 1—S—p 


1+ sup \\B{Yu)\\i 2 p/gm jj\ + \/p{2p ly sup \\B{Yu)\\J^ 2 p/gm^^gf^fJN 

uelo,T] uelo,T] 
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Combining fH8|) . and shows that 

SUPte[0,T] W^t - y[tiT/N\\L‘^P(V-,Hs) < iwY SUP«e[0,T] |l^«l|L2p(P;//^) 

+ (i)^~^snp„e[ 0 ,T] \\F{Y^)\\l^p(p-,h) + Vp(2p- 1) sup„e[o,T] ||5(>"«)IU2 p(P;hs(c/,//)) (50) 


+ 


max{l,T^/ 2 |jv(^-PV 2 

1—6—p 


1 + sup \\Fiyu)\\L^p/e(^p.H) + a/p(2p- 1) sup \\B{Yu)\\^2p^e(^p.-ns(UH)) 
■ue[ 0 ,T] ’ «e[o,r] ' ’ ^ 


1+7 


Combining fH2|) and fl50|) implies that 


sup,,[ 0 ,T] 11+ - Mw) < 

(f) ^ +p( 2 p- l)sup„g[o,T] l|-S(hy)||L2p(p.HS(;7,H)) +{^y SUp„g[o,T] ll + llL 2 p(P;_f/^) 


+ 


!c{i,r^/2}jv('^-pV2 

1—S—p 

.1-S 


1+ sup \\F{Yu)\\i^ 2 p/eQpfj^ + \/p{2p ly sup ||-B(+) ||x,2p/e(p.HS(;7,n')) 

Me[o,r] «e[o,T] 


1+^ (51) 


+ (i) sup„e[o,T] l+(+)IU2p(P;//) 


1 + sup„g[o,T] II + IIl 2 pc(p.^^) + sup„g[ 0 ,r] ll + ll L2pc(P;H^) 


The proof of Lemma 14.31 is thus completed. 


□ 


4.4 Analysis of the differences between nonlinearities-stopped exponen¬ 
tial Euler approximations and solution processes of stochastic evo¬ 
lution equations 

Corollary 4.4. Assume the setting in Section \^n\ letrj G [5,1), £ G (0, cxd), assume f/iafsup^gjj |A/i| < 
oo, and assume that for all x,y E it holds that max{||F(a:) — F{y)\\H, \\B{x) — S( 2 /)||HS(i 7 ,r/)} < 
C\\x-y\\Hs{^ + \\x\\H^ + \\y\\H^) and {x-y,Ax+F{x)-Ay-F{y))H+ ^^~Y^^"^ \\B{x)-B{y)\\ls(u,H) < 
C\\x-y\\l. Then 

SUPte[0,T] 11+ “ Yt\\LP{V-,H) 

-| 1-I- — 

+ +P(2p- 1) sup,g[o,r] II^(U)|Il2p/,(p.hs(c/,h)) + sup,6[o,r] I|U||l2p(P;/^j 

—( 7 -I-Q;) 


1 +SUp^g[g'p] \\F(Yg)\\j^2p/g^p,jj^ 


(52) 


1 + 2 


lien 


L2pc(p.Hj) 


+ c 


I ^ / pc{2pc-l) rpl/ 2 -('y+g) 

l-i-y+a) ^ V (1-2(7++) 


[1 + SUp^g[o,T] I|U|Il2pc 


"+)] 


Proof of Corollary \4.4\ Note that 

SUPte+T] 11+ ~ yt\\LP(¥-,H) < SUPjgjo^T^] [\\Xt - Yt\\LP{V-H) + \\Yt - iy||LP(P;J7)) • (53) 

Combining Lemma [4.21 Lemma [4.31 (with p = 27] — d m the notation of Lemma [4.3p . and fl5^ proves 


that 


sup„|„,Ti l|A', - < iv'-’'i++^(c-^(i + ■A)p)‘'''exp(i£ia|±iM 


1 +Slip^g[Q7'| ||^(r.)||^2p/.^|p.jjj + \/p(2p iySPPse[l),Tl 


( 54 ) 


+ SUPse[0,T] l|U|U2p(p.j^^) 1(1 + SUp^g[o,T] I|U||l 2 pc(p.^^) + SUp^g[o,T] I|U||l 2 pc(p.j^^) j . 
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Moreover, Lemma [3. II proves that 


SUPsg[ 0 ,r] \\'^s\\L^pc{F-,H~f) + S’^Pse[ 0 ,T] \\'^s\\l^po{¥;Hj) 


< 2 


lien 


L^pcQp.Hj) 


+ C 


rpl — (^ + Oc) 
l-(7+a) 


+ 


pc{2pc-l) rp-L/ 2 -('Y+ 0 ) 
(1-2(7+/3))^ 


[l + SUPsgjo^'T] ll^s|lL2pca(p.^)] 


Combining flM|l and completes the proof of Corollary 14.41 


(55) 

□ 


5 Temporal regularity properties of solution processes of 
SPDEs 

In this section we present a few elementary and essentially well-known temporal regularity properties 
for solution processes of stochastic partial differential equations with globally Lipschitz continuous 
coefficients. In the literature similar results can, e.g., be found in Van Neerven et al. 1301 Theorem 
6.3] and in the references mentioned in Van Neerven et al. [30] . 


5.1 Setting 

Assume the setting in Section [L2l let b G [0, oo), r; G [0,1), F G B G C{H^, HS(17, H^_r,/ 2 )), 

assume that for all x,y e it holds that max{||F(a:) - F{y)\\H^_^, \\B{x) - B{y)\\iisiu,H^_r,/ 2 )} < 
6 ||a: — yWn^, and let X: [0,T] x Q ^ be an (Ft)tg[o,T]-predictable stochastic process such that for 
all t G [0,T] it holds P-a.s. that f* ds < oc and 

Xi = e+ [ e^^-^^^F{Xs)ds+ [ e^^-^^^B{Xs)dWs. (56) 

Jo Jo 


5.2 Temporal regularity properties 

lemma 5.1. Assume the setting in Section\5A\ and let (3 G [0, i^-^)/ 2 ). Then 
sup,g[o,T),te(.,r]- 


- s)^ (^57) 

[-^- 20 ''' ' (II-^(0)||h.,_„ + ||l?(0)||HS(i7,H.,_^/2) + 25sup^g[o_'r] ||A'„||2 ,p(P;h.,)) • 


^ max{l,r}-y2p(p-l) 


Proof of Lemma \5.1\ First observe that, e.g., [161 Theorem 2.5.34 and Lemma 2.5.35] shows that for 
all s G [0,T],f G [s,T] it holds that 


(gP-«)A _ e(*-“)^)F(X„) du 


LP{V-,H^) JO 




< 


< 




(68) 




du 


< (Ilf (0 )I|h,_, + ||.Y.,||„(p„j) ^(t - sf. 
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Moreover, e.g., m Theorem 2.5.34 and Lemma 2.5.35] combined with the Burkholder-Davis-Gnndy 
type inequality in Lemma 7.7 in Da Prato & Zabczyk |5] proves that for all s E [0,T], t e [s,T] it 
holds that 






< 


I p{p-l) 


u)A g(s 


< 




^ / p(p-l) / jt-sfP 

' 2 / (s-«)')+2/d 


I|5(o)||hs((7,h.,_^/2) + 


u\\H. 


LP(P;]R) 


du 


< (^ll^(0)||HS({/,rf.,_^/2) + ^SUp„g[o,T] |l^«|Up(P;r^^)j - ^2(l-r;-2/3) 


y/p{p-l)i 


i-/2-'n/2-p 


-sY 


Furthermore, note that, e.g., [161 Theorem 2.5.34 and Lemma 2.5.35] implies that for all s G [0,T], 
t G [s,T] it holds that 


g('-“)^F(X„) du 




iiLp(P;rr.^) 
‘t 


du 


LP(P;H^) Js 


' s 


< (11^(0) + &sup„g[ 0 ,T] \\Xu\\lp{v-,h^)) - s) 


1-ri 


Again, e.g., m Theorem 2.5.34 and Lemma 2.5.35] and the Burkholder-Davis-Gnndy type inequality 
in Lemma 7.7 in Da Prato & Zabczyk |5] show that for all s G [0,T], f G [s,T] it holds that 


ed-^)^B{X^) du 


< 


'p(p-i) 


LP{F-,H^) 







(61) 


(t-u) ^ [\\B{0 )\\hS{U,H^_p/ 2) +m^u\\LP{P-,H^)j du 
nS{U,H^_p^2) + ^SUp„g[o,T] ll^n||LP(P;H^)) 


Gombining fl55]) -(ET ]) shows that 


suPse[o,T),te(s,T] 


II (^t - - i^s - e^^0IUp(P;/^7) 

it - sy 


< (II^(0)||h^_, + &sup„g[0,r] \\Xu\\lp{f-,h,)) ^T-^Yp 


||5(0)||hs(c/,h.,_„/ 2) + ^sup„g[o-r] ||X„||iP(p./^^)j ^ pP^_2p -^- 


The proof of Lemma 15.11 is thus completed. 


(62) 


□ 
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Corollary 5.2. Assume the setting in Section FOl assume that sup^gjg.T] ll^tlUp(P;i? 7 ) < 0 O 5 
assume that ^ . T/ien t/iere exzsi a stochastic process F: [0, T] x fl —)■ with continuous 

sample paths such that for all t G [0, T] it holds P-a.s. that Xt = Yt. 

Proof of Corollary Note that Lemma 15.11 combined with the Kolmogorov-Chentsov theorem 
proves that there exists a modihcation with continuous sample paths of the stochastic process 
|0,T| X n 9 (t,u) ^ Xt{oj) —e^^f (cj) G H.y. In addition, observe that the fact that A is the generator of 
a strongly continuous semigroup implies that the stochastic process [0, T] xhl 3 (t, oj) 1 —)■ e^^f{oj) G 
has continuous sample paths. The proof of Corollary 15.21 is thus completed. □ 


6 Convergence of spatial spectral Galerkin discretizations 

In this section we establish uniform convergence in probability of spatial spectral Galerkin approx¬ 
imations in the case of SEEs with semi-globally Lipschitz continuous coefficients (cf., e.g., Kurni- 
awan |22j); see Proposition 16.41 below. Proposition 16.41 land its consequence in Corollary ESI re¬ 
spectively) is a tool used in the proof of our main result in Theorem 17.61 below (see Proposition 
17.31 belowL In our proof of Proposition 16.41 we employ Corollary 2.9 in Cox et ah |1] (which is a 
generalization of Lemma A1 in Bally et al. m) and a nowadays well-known localization procedure 
(see, e.g., Gyongy IS] and Printems 1251 Lemma 4.8]). There are a number of quite similar results 
in the literature (see, e.g., Cox et al. [H Corollary 3.3], Gyongy |6], Kurniawan [22l Lemma 4.2.2], 
Printems [2^ Lemma 4.8]) and Proposition 16.41 is a minor extension of the results in the literature. 
The main difference between Proposition 16.41 and known results in the literature is that Proposition 
16.41 does only prove convergence in probability with no rate of convergence but Proposition 16.41 does 
not assume any growth condition of the eigenvalues of the dominant linear operator appearing in 
the considered SEE; see (l63|) below. In particular. Proposition 16.41 also applies to SEEs in which the 
dominant linear operator A in fl63p is a bounded linear operator. 


6.1 Setting 

Assume the setting in Section fL^ let b G [0, 00 ), rj ^ [0,1), F G C{H^, B G C{H^, HS(17, H^_n/ 2 ))-, 

let In G F(EI),n G Nq, satisfy {r]me{n+i,n+ 2 ,...}hm) = H = Jo, let Pi G I G P(IHI), be the 

linear operators with the property that for all a; G if, / G F(EI) it holds that Pjx = 
and let X”: [0,T] x C —)■ G Nq, be (Ft)ig[o,T]-adapted stochastic processes with continuous 

sample paths such that for all t G [0,T],n G Nq it holds P-a.s. that 

= f e^^-^^^PiMXf)ds+ [ e^^-^'>^Pi^B{Xf)dWs. (63) 

Jo Jo 


6.2 Convergence in the case of globally Lipschitz continuous coefficients 

Corollary 6.1. Assume the setting in Section \6.1l assume that f G L^(P;ii.y), assume that for 
all x,y e it holds that max{||F(a:) - F{y)\\H^_^, ||5(x) - B{y)\\iis{u,H^_r,/ 2 )} < ^11^ “ vWh^^ let 
(3 G [0, tt-v)/ 2 ), and assume that for a// n G N it holds that supjgjQ j’] < 00 . Then 


sup 


sup 

\s&[0,T),te{s,T] 


ll(^- 


{t - sy 


< 00. 


(64) 
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Proof of Corollarv \6. 1[ Note that, e.g., [161 Corollary 6.1.8] shows that sup^gj^ sup^gjo^rj \\Xt\\LP{p-,H^) < 
oo. Lemma [5.11 hence proves fl6^ . The proof of Corollary 16.II is thus completed. □ 


lemma 6.2. Assume the setting in Section \Kl[ assume that for all x,y G it holds thatma.x{\\F{x) — 
F{y)\\H^_^, \\B{x) - B{y)\\iisiu,H^_r,/ 2 )} < - vWh^, and assume that for all n e ¥\o it holds that 

suPte[o,r] \\^r\\LP{p-,H-,) < oo. Then 

limn^oo (suptg[o,T] II - e^'^PjJ) ||lp(P;h^)) = 0 (65) 

and 

limn^oo (supjg[0,T] ll^° - Xf\\LP(W-H^)) = 0. (66) 

Proof of Lemma\KM Let Sr'. [0, oo) [0, oo),r G (0,oo), be the functions with the property that 
for all X G [0, oo), r G (0, oo) it holds that Sr{x) = ( r(nr?j) ) Henry |9l Section 7.1] 

and [T6l Definition 3.3.1]). Observe that, e.g., [161 Lemma 6.1.7] proves that for all n G N it holds 
that 

suPi6[0,T] ll^° - ^riUp(P;r/^) <\/2supig[0,T] ||Lk\j„X°||LP(P;H^)gi-.? - 1)^)- (67) 

Let C H, n G N, be the sets with the property that for all n G N it holds that = 
nme{n+i,n+ 2 ,...}Lm- Next, let fn'- [0,T] —)■ [0,oo),n G N, be the functions with the property that 
for all t G [0,T],n G N it holds that fn{t) = ||Ph\j„(-^° — F^C)\\lp{v-,h^)- Corollary 16.11 proves 
that the functions fn,n G N, are continuous. Moreover, note that the sequence (/n)neiN is non¬ 
increasing. Furthermore, observe that Lebesgue’s dominated convergence theorem shows that for 
all t G [0,T] it holds that hm„^oo/n(^) = 0. We can thus apply Dini’s theorem to obtain that 
lim„^oosupig[o,r] fn{t) = 0, i.e., that 

lim^^oo (suPig[o,r] II-Lh\j„(-^° - e*'^OIUp(P;H.^)) = 0- (68) 


This proves that 


hm„^oo (suPig[o,r] I|Hh\/„(W° - e*^OIlL^'(P;r^D) = 6- (69) 

Moreover, Lebesgue’s theorem of dominated convergence proves that lim^^oo ||-Ph\ 7 -^.^|| 2 ,p(P;j:/^) = 0. 
This and the fact that for all n G N it holds that sup^gjo^T] ||-PH\/„e*^^||LP(P;_f/^) < ||HiHi\/„^||LP(p;iT.^) 
imply that 

lim„^oo (supig[o,T] l|LH\7„e*^^||LP(P;H^)) = 0. (70) 

Combining fl67|) . (jHlD, (170]) . and the triangle inequality proves fl6^ . Finally, observe that fl6BD . flTO]) . 
and the triangle inequality prove fl6^ . The proof of Lemma [6.21 is thus completed. □ 

Corollary 6.3. Assume the setting in Section \6A\ assume that p{l — rj) > 2, assume that for all 
n E Nq it holds that sup^^rnri \\Xr'\\LP(¥-H ) < oo, and assume that for all x,y G it holds that 

ken 


hlPln—>oo 


E 


sup,g[o,^] ||X° - Xf 



(71) 
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Proof of Corollarv \6.S[ First of all, observe that Corollary 16.11 Lemma 16.21 and Corollary 2.9 in Cox 
et al. H (cf. also [H Lemma Al]) prove that 


(e[sup„|„,^, ||(Xf - e‘y) - (A'," - ) = 0, 

Next note that Faton’s lemma shows that 


limsup^^^ (E 


suPte[o,T] 




< limsup^ 


E 


ll(a.-nJ^ll 




< E 


limsup„^^||(PH-^/„)^|| 




= 0 . 


(72) 


(73) 


Combining fl72|l and fl7^ with the triangle ineqnality proves fl7T|) . The proof of Corollary 16.31 is thus 
completed. □ 


6.3 


Convergence in the case of semi-globally Lipschitz continuous coef¬ 
ficients 


Proposition 6.4. Assume the setting in Section lh.il and assume that for every R G [0, cx)) there 
exists a real number K G [0, cx)) such that for all x,y E with max{||a;||i)i-.^, < R it holds 

that max{||F(a;) - F{y)\\H^_^, ||P(a;) - P(|/)||HS([/,m_^/ 2 )} < K\\x - y\\H^. Then for all e G (0, oo) it 


holds that 


lim^ 


(P[sup„[„.^|||A,»-AT||„, >£])=0. 


(74) 


Proof of Proposition Id.fl Throughout this proof let q G (^/(i-r;), cx)) be a real number and let : IR —)■ 
[0,1], P G (0, CX)), be inhnitely often differentiable functions such that for all x G [—R,R\ it holds 
that (f>R{x) = 1 and such that for all x G (—cx), —R — 1] U [P + 1, cx)) it holds that (j)R{x) = 0. 
Moreover, let Fr\ ^ p[^_rj,R £ (0, cx)), and Br: HS(P, P^_Y 2 ), P G (0,cx)), be the func¬ 

tions with the property that for all x G P[^,R G (0, cx)) it holds that Fr{x) = F{x)(1)r{\\x\\h^) and 
Br{x) = B{x)(j)R{\\x\\H^). In the next step we observe that, e.g.. Theorem 5.1 in [1^ and, e.g., Corol- 
larv l5.2h see also, e.g.. Van Neerven et al. [301 Theorem 6.2]) prove that there exist up to modification 
unique (Pt)ig[o,T]-adapted stochastic processes [0, T] x —)■ R G (0, oo),n G Nq, with con¬ 
tinuous sample paths such that for all P G (0, oo),n G Nq it holds sup^g[o,T] < oo and 

such that for alH G [0, T], P G (0, oo),n G Nq it holds P-a.s. that 

A,"-'* = e“l(||p,„£||,,<fl)n„(0 + f el‘->-«F,„Fp(A7’«) d, + f £“->■“F,.B„(A,“'«) dW,. (75) 

Jo Jo 

Furthermore, note that for all x G H-y, R G [0, cx)) with < P it holds that Fr{x) = F{x) and 

Br{x) = B{x). Next, let fi —)■ [0,T],n G No,P G (0,cx), and fi —)■ [0,T],n G N, P G 
(0, cx)), be the stopping times with the property that for all n G Nq, P G (0, oc) it holds that 


and 


t"’« = inf ({i e [0, T ]: || AT||p, > B} U {T}) 


p”'® = inf({( € [0, r|: ||.Y," - ATIIh, > B} U {T}) 


(76) 


(77) 
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Observe that, e.g., Lemma 4.2.2 in Kurniawan [22] and Markov’s inequality prove that for all n G 
N, i? G (0, oo), q G oo),e G (0,1) it holds that 


P[sup4g[o,r] W^t - X^Wh^ > - I®[supig[o,T] 

< P[{supig[o,r] ll^° - X^Wh-, > n {sup4g[o,r] < R}] 

= P[{supig[o,p-.q ll^° - X^Wh^ > e} n{supig[o,r] 

= P[{suPig[o,pn.e] - X^Wh^ > e} n{supig[o,T] \\X?\\h^ < R}] 

= P[{supig[o,p-.q l{rO.«>t,p-,e>t,r-.«+i>t}ll^° - X^Wh^ > s} n{sup4g[o,r] \\Xt\\H-, < R}] 

®’^Pie[0,p'*-q l{TO.«>t,p".E>t,r".«+l>t}||-^min{t,rO.«+l} ~ "^min{t,r".«+l} || u ^ ^ 


= P 
= P 

= P 

= P 
< P 


sup l{.rO.«>t,p"'S>4,T".«+l>t}l|l{||5||H <R+l}-^min{t,rO.«+l} “ <R+l}"^min{t,r".«+l} | 


n I I-[1 -|i I 

te[o,p"'®] 


^n,R+l 


> S 


> S 


SUPtg[0,p^.e] l{TO.«>t,p".e>t,T"’«+l>t} l|-^i 


II 'V'O,/?-!-! \r 

suPte[o,r] ll^i 


0,R+1 


X, 


n,R+l I 


> £ 


n,R-\-l I 


> e 


<e-^ -E 


Sl^Pie[0,T] 


X 


0,H+1 


X 


n,R+ll\q 

\\h^ 


(78) 


Corollary 16.31 therefore proves that for all R G (0, oo),e G (0,1) it holds that 

J^P[sup,g[o,T] ll^° - X^Wh^ >^]= P[suPig[0,T] > R] ■ (79) 

In the next step we let R G (0, cx)) in fl7^ tend to oo to obtain that for all e G (0, cx)) it holds that 
lini^^oo P[supjg[o,T] ll^° ~ X^Wh^ > e] =0. The proof of Proposition 16.41 is thus completed. □ 

Corollary 6.5. Assume the setting in Section fhJl let q G (0,p), assume that for every R G [0, cx)) 
there exists a real number K G [0, oo) such that for all x,y E with max{||a;||H.^, < R 

it holds that max{||F(a;) - F{y)\\H^_^, \\B{x) - B{y)\\Hs(u,H^_r,/ 2 )} < X||a; - y\\H^, and assume that 
limsup„^^ (suptg[o,r] l|Xr||LP(P;r/^)) < oo. Then supig[o,T] ||X°||lp(P;h^) < oo and 

lim^^oo (supigfo^^.] ||X° - Xf = 0. (80) 

Proof of Corollaru \6.5[ Observe that Proposition 16.41 combined with, e.g.. Lemma 4.10 in Kurni¬ 
awan [22] (see also, e.g., [121 Section 3.4.1]) proves sup^gjo^T] I|X°||lp(P;//.^) < oo and fl80|l . The proof 
of Corollary 16.51 is thus competed. □ 


7 Strong convergence rates for full discrete nonlinearities- 
stopped approximation schemes 

In this section we use the results established in Sections EllSl01 and [6] as well as consequences of the 
perturbation estimate in Theorem 2.10 in Hutzenthaler & Jentzen HU to prove Theorem 17.61 (the 
main result of this article). 
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7.1 Setting 

Assume the setting in Section 11.21 let F G C{H^, H),B ^ C{H^, HS(t/, H)), e G (0, cxd), assume that 
7 < min{l — 0 , 1/2 — /9}, let X: [0,T] x fl ^ be an (J^t)ig[o,T]-adapted stochastic process with 
continuous sample paths such that for all t G [0,T] it holds P-a.s. that 

= cis + [ dW^, (81) 

Jo Jo 


let {Pi)i£V(a) ^ L{H) be the linear operators with the property that for all a; G il, / G V{M) it 
holds that P/(x) = J2h^i{h,x)Hh, let [0,T] x ff ^ Pj{H),N e N, / G Vo{B.),Re L{U), be 

Tj-adapted stochastic processes such that for all t G [0,T],iV G N, / G Po(EI),P G L{U) it 
holds P-a.s. that 


= ptAp f , / p(i-hJT/iv)^ n d9 


iT/N 




(82) 




and assume that for all x,y G it holds that max{||F(a;) — F{y)\\jj ,\\B{x) — P(2 /)||hs(!7 H)} — 
C l|a( - y\\Hs (1 + IMh-, + WvWh-,) and max{||F(a;)||^^_^, ||P(x)||hs([/,h_^)} < <^(1 + ||x||^). 


7.2 Strong convergence rates for space discretizations 


lemma 7.1. Assume the setting in Section \77T\ let /i ,/2 G Po(EI),g,r G [l,C)o] satisfy R C R and 
^ + i = 1, assume that for all x,y G Fti it holds that {x—y,Ax—Ay+F{x)—F{y))H+^^-J^Y^^\\B{x) — 
B{y)\\RSiu,H) ^ d7||x -yWn, and let X^^\ [0,T] x -)■ Pi^{H^),k G {1,2}, he adapted 

stochastic processes with continuous sample paths such that for all s G [0,T],fc G {1,2} it holds 
P-a.s. that ^ ^ 

A't = 0.(0 + riAXi^+P,^F(Xt)]du+ r P,,B{Xi^)dW^. (83) 


Then 

SUPt6[0,T] 11-^/^ - XI'^\\lv(¥-,H) 

< (ll(-A)-' 


L(H)+e'°+‘*’’Cp(l + 7 )) sup ||Ph\/i 

Me[o,r] 


xtll 


L<iP(V-,Hs) 


1 + 2 sup \\Xi^\\lrp.(v-,HA 
«6[o,r] 


(84) 


Proof of Lemma 1. 1\ We intend to prove Lemma l7. II through an application of Proposition 3.6 in 


Hutzenthaler & Jentzen [m. For this we now check the assumptions in Proposition 3.6 in Hutzen¬ 
thaler & Jentzen [TT]. Note that for all x G y G Pp{H) it holds that 


(P,,x - y, P,AAP,,x + F(0,X)| - P,AAy + F(y)])„ + t+Kl ||PulB(O.0 - B(0III+p,h) 

< (O.i - y, P,AAP,,x + F(P,,x)] - P,,[Ay + F{y)])„ + ^’-^Y’A \B{Pi,x) - S(9)rf,s|„.„| .gg, 
= {P,,x - y,AP,,x + F(P,,x) -Ay- F(y)])„ + (£^71±£l||S(P,.0 - B(!/)IIhs(p,h) 

< C\\Pi^x-yfH. 
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Moreover, observe that for all x G G Pi^{H) it holds that 

{y - Pyx, Py [APyX + F(Pyx)] - PylAx + F{x)])„ + ||P,. lfi(P,.x) - B(l)| irHs([,,ff, 

= {y- PyX,APyX + F(Pyx) - APyX - F{x))„ + 

< lls - - -FWIU + 

< hWv - Pi.^Wh + i\\F{Ph^) - + '‘-%'*''-^ \\B{Pyx) - 

£ ills - Pii^Wh + 5(cV 1 + (p- 1)(1 + ^l‘)\\PhX - i|Ih,( 1 + + ||i||^,)) . 

( 86 ) 


Next observe that the Holder inequality proves that 


< ||||F,.AB - + \\PyX-r„^ + 

sup ||Bh\/,A'"||i„,p,„,, 1+ sup ||B;,AB||‘„., , + sup ||A'»||)_,„|, „ , 

«e[o,T] L «e[o,T] uelo,T] 


(87) 


Combining fl85l) - fl87l) with Proposition 3.6 in Hutzenthaler & Jentzen [TT] shows that for all t G [0, T] 
it holds that 


l|A/‘ - Ay |Up|p„, < e5-y>"i)^Cy/r(l + (p - 1)(1 + i))sup„,|„,p, ||FH\,.Ai»|U„(p„,l 

■ [l + SUp„g[o^T] \\Ph^u \\L^P‘^{¥-,H,y) + sup„g[0,r] W^u \\l’-p‘={¥-,Hj)\ + SUp„g[o,r] WPaXh^u \\lp{¥-,H)- 
The proof of Lemma 17.11 is thus completed. □ 


7.3 Strong convergence rates for noise discretizations 

lemma 7.2. Assume the setting in Section \771\ let k G (0, oo),z/ G ( 0 , 1/2 — 6),!] G [ 7 , cx)),/ G 
Po(lHI), Ri,R 2 G L{U), assume that for all x,y E Hi it holds that {x — y, Ax — Ay + F{x) — F{y))H + 
^hF^\\B{x) - i?(2/)|||s(^,^) < C\\x - y\\% and let [0,T] x H ^ Fj{H^),k G {1,2}, be 

{Ft)te[o,T]-adapted stochastic processes with continuous sample paths such that for all t G [0,T], k G 
{1,2} it holds P-a.s. that 


x/''*‘ = P,(J)+ / |AA7‘ + F,F(AJ'**)]*+ / P,B(XiF‘)Ri,dWs 


(89) 


Then 


suPte[o,T] - X^''^‘^\\lp{v-h) 


I,R2\ 


^ max{l,TV^}y^p(2p-l) 
\/l-2(5+!^) 


SUp^6//„ 


||B(i;)(R2-.Ri)||HS(i7.ff_;,) 


1 + SUPsg[o,T] 


. (1 + (rC^maxd, ||ft||i(„,}p(l + 


3(1 + ||^||L 2 pqp;H.,))Cmax{l,T}max{l, ||i?i||L(t/), \\R 2 \\l{u)} 

1 +SUPtg[o,T] 11^/’^" II L2pca(^p.H) 


(90) 


1 I pc{2pc-l) 

l-(7+a) Y 1-2(7+/3) 
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Proof of Lemma Throughout this proof let x ^ [0, cxo) be the real number given by x = 

(l H- j^. [o,T] X n —)■ Pi{H^) be an (J^t)tg[o,r]-adapted stochastic 

process with continuous sample paths such that for all t G [0,T] it holds P-a.s. that 

Xt = Pii+ [ [AX, + PjF{Xl’^^)]ds+ [ PiB{X^’^^)RidWs. (91) 

Jo Jo 

Next observe that Corollary 2.11 in Hutzenthaler & Jentzen m combined with the Cauchy-Schwarz 
inequality proves that for all f G [0,T] it holds that 


II vI,R 2 vI,Ri II 

W^t ~ \\lp(V-,H) 


p\\x^’^^ - XfX^hx^’^^ - X\\h\\PiF{X) - PjF{X^P^] 


\H 


(92) 


(p-l)(l+l/e) I 

2 I 


P,B(X'-’‘0Ri - P,B{X)R4t,sfu.H) - XIIV'-"' - A'll 


I,Ri 


1 + 


H 


Vp 

R^{r[o,T] ®P;IR.) 


In addition, note that for all s G [0,T] it holds that 

||P,F(X) - P,F(A'i’«»)||„ < C||.t - Ay«»||„,(l + llA.Ili, + ||Ai’«»r„,) (93) 

and 

||P,(B(Ai’«») - B(A,))iii||„„„_„, < C'||ft|Un„||A,'’«= - A.||«,(l + ||A«>||X + IIA.II^)- (94) 
Combining fl95]l and fl9T]l shows that 


■I,R2^ 


- A'llf" [|| A'«■ - A||„||P,F(A) - P,F(X 
+ '"-‘*'y/.) ||F/g(A4«^)fii - P,B(.Y)fli||?,s,„,„, - X'||A''«. - .till 


1/p 




pIIa"'* - .t|iy^ [iiAi* - .t||«c||.t - A«»||„,(i + iiAiiy + ||A'-*>ir„.,) 
+ 9-‘>4*-/.)C9|B.II1.,.,| ||A«>|||^ + ||A||X)= - x||A'’«‘ - .t 


1/p 


Moreover, observe that Young’s inequality proves that for all s G [0,T] it holds that 

iiAj* - Xiiy'iiA. - A«>ii„,(i + iixir„., + iiAi>«-iti,) 

< '^l|A“‘ - Xlll, + l||.t. - Aj'*|||,,(l + llXlIX + ||A,''«-||=„^)» 


and 


IIA/'* - .Vlinx - 

<'^l|A“'- A.lll, 


^,^i2||2 


-X 

in I 


h,{^ + \\Xs\\h, + \\XI’^ThJ^ 


X 


IF 2 IIP 


«,(1 + IIA.III, + l|Al«"||X)’'- 


(96) 


(97) 
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Combining fl^ . ([96]), and fl97|) shows that 


- A'llf "[ll.Y'’*' - A'||„||P,F(A') - P,F(.Y'''*")||„ 

+ 4Hnl^||p,B(A''*)fi, - - x||A''«- - A||: 

< (p - 1)C||A''«‘ - All?, + C||A - A'>«-rH,(l + IIAII?,, + ||A'.«>|r„,)!> 

_l_ (p-l)(p-2)(l+-)C^||-Ri|||(^p) II_ ^||P 

+ c^llfiilli(i,|(p - i)(i +1)!!^ - -’f'’®“ll?,,(i + II^IIh, + ll^'■'*“llH,)’’ 


i/p 


(98) 


- (p - i)c(i + II_ All 


l/p 




I|c 


= (C + C=||fli||i(„,(p - 1)(1 + i))' ||A - A'’«»||„,(l + IIA'Ii;,, + ||A' 
Fnrthermore, note that the Holder inequality implies that 
||A-A«>||„,(1+||A||5, +||A““||?,J 


LP(/i[o,T]®P;]R.) 


ip(M[o,T]®P;]R.) 


<Tp sup \\Xt-XI'^^\\ l2p(p.Hs)(^+ sup \\Xt\\l 2po(p.H-,) + sup 


ie[0,T] 


I,R2\ 


te[o,T] 


te[o,T] 


(99) 


Combining 


, and fl9^ proves that 


I1R2 _ 


\lp{F]H) 


suPie[o,T| ll-V 

< sup,Iiy - Xn,,(r.H) + e«"+«>yrC + rC2||iii||i,„|(p - 1)(1 + i))- 


( 100 ) 


^’^Pie[o,Tl \\Xt — A(0^®||,,2pjp,„,) h + sup,g[„ j| ||At||?2pc,p,„^j + sup,g[op| I|A(’^^||?2 pc(p,h^^, 


I,R2\ 


In the next step observe that the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato 
& Zabczyk [5] shows that for all t G [0, T], r G [0, 7 ], g G [2, cx)) it holds that 


\\Xt- Xl’^^\\Lc(f>.Hr) - 


- pRi) dw. 


L<l(P-,Hr) 


( 101 ) 


< 


'g(g-i) 


e(^-^)^PiB{X^s’'^^){R2 - Ri) 


L<i(P-,RS{U,Hr)) 


ds. 


Moreover, note that, e.g., [H] Theorem 2.5.34] implies that for all r G [0,7],f G [0,T],g G [2, cx)) it 
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holds that 


- Ri) 


Li(F-,HS{U,Hr)) 


ds 


< 




< 




'0 


< -^-^===^^Vse[0,T] \\Ri^s’^^)iR2 - -Rl)||L-J(P;HS(t/,H-.)) 


\/^-2{r+u) 


rpy2-(r+v) I ll-B(f)(-R2 —-Ri)||hS(I7,H_i,) 
< , I sup — 


y'l-2(r+jy) 


veHy 


1+lhll 


(l + SUp,g[o,T] • 


In addition, note that Lemma 13.11 shows that 

max{supig[o,r] sup4g[o,T] \\R^I’^^\\l^pHp-,h^)} ^ II^IIl2p-(P;H^) + C'max{l,T} 

pc(2pc-l)] j-^ +SUPjg[0^'r] l|-^/’^^llL 2 pca(p.^)]. 


■ max{l, ||Pi||l([/), \\R2\\l{u)} 


1—(7+a) 


+ 


1-2(7+/3) 


Combining fllOOp - fllOdp proves that 
sup — XI’^^\\lp(p.h) 


te[o,T] 

^p(2p-1)tV^-‘- 


< 




sup 

, v€Hr, 


\\Biv)(R2-Rl)\\HSiU,H_,) \ /, \\vI,R2\\k 

l+||i;||« ] + SUp^gjo^-T] IIIIlp«(P;H„) 


^ ^p(2p-l)e(C'+>^)^(max{l,||Ri|||(y,}TC2p(l+l/e))^^^rV2-(-5+-) ^ ||Bh)(iJ2-Rl)||HS(C7,«_,) 

+ Ui 


l+lhll?r. 


(l + SUP5g[0,r] + 2 


( 102 ) 


(103) 


||^||L 2 pc(p.p^^) + Cmax{l,T}max{l, ||Pi||p,(t 7 ), \\R 2 \\l{u)} 


1 I / pc{2pc-l) 

l-(7+a) V 1-2(7+/3) 


[l + SUPig[o,r] W^t ’ ^llL2pca(p.J7)] 


The proof of Lemma 17.21 is thus completed. 


(104) 

□ 


7.4 Strong convergence rates for space-time-noise discretizations 

Proposition 7.3. Assume the setting in Section [7.ip let q G (0,p), assume that ^ G L^“(P;iL.y), 
assume that for all x & Hi it holds that {x,F{x))h + ^^f^\\Bi^)\\us{u h) — + ll^lllf)! R ^ 

Po(EI),n G N, satisfy {rime{n+i,n+ 2 ,...}Im) = H, and let X^: [0,T] x fl PiiH-y), I e Po(EI), be 
iRt)te (adapted stochastic processes with continuous sample paths such that for all t G [0,T], J G 
Po(EI) it holds P-a.s. that 

X/ = Pj^ + [\axI + PiF{Xi)] ds + f PiB{Xi) dW,. 

Jo Jo 


( 105 ) 










































Then it holds that lim„^oo (sup^gjo^T] W^t — -^/"||l'3(P;_h'^)) = 0 and 


sup E 

R£L^iU),ieVoim), 

Ne¥i,te[o,T] 


+ wxiK+ ||v™n; + iix,ir„^ + ii.Y/r„, 


< oo. 


( 106 ) 


Proof of Proposition \ 7. d\ Ito’s formula and Young’s inequality prove that for all t E [0, T], J G Po(EI) 
it holds that 


11 pan 


E[I|A',iih 

<n\\X;,WS]+pa rE[||Aj||S‘-^((Af,P,F(Aj)>„ + l=!p||P,B(A.')||?,s,c,,„,) 
Jo 

< EIIIA'Ilg-] +poC f ¥.[\\Xi\\<^-^(l + IIA.'III,)] ds 

Jo 

< EIII.Yo'IIS-] + 2 C fE[(pa - IjHA'illS* + 


ds 


( 107 ) 


Therefore, Gronwall’s lemma proves that for all t G [0,T],/ G Po(H) h holds that E[||X/||^] < 
(E[||,^||^] + 2CT) Lemma [3T] hence implies that suppgpj,(]u) sup^g[o,T] \\^t\\LP{F-,Hj) < oo. 

Combining this with Corollary 16.51 shows that lim„^oo (sup^gjo^T] W^t —-^/"||l'i(P;h^)) = 0 and that 
suPtg[o,r] ll-^ilUp(P;H.^) < oo. Moreover, note that combining Lemma 12^ and Lemma EH] proves that 

SUPij6Li([/) SUp^gp^(H) SUp^g^SUPjg[o,T] {{1^^'^'^\\lp-{F-,H) + \\yf’^’^\\LP{F-,H^)) < OO. (108) 

The proof of Proposition 17.31 is thus completed. □ 

Corollary 7.4. Assume the setting in Section m assume that ^ G LPh+i)a(^Pj assume that for 

all X E Hi it holds that {x, F{x))h + ll-®(^)llHS(nir) — ^(I + II^IIh)? ■ [0, T] x C — )■ 

Pi{H^), I E Po(EI), be {Ft)te[o,T]-eidapted stochastic processes with continuous sample paths such that 
for all t E [0,T], J G Po(EI) it holds P-a.s. that 


Xl = Pii+ / [AXi + PiF{Xi)]ds+ / PiB{Xi)dWs 


(109) 


Then 


sup 

/e'Po(H),veN, 

R(£p{U),te[ 0 ,T] 


\\F{yP^'^)\\h + \\F{Xi)\\h + ||i?(Y/^"’")||HS(c/.H) + ||S(X,)||hswh) 


N,I,R\ 


< OO. 
LP(P;]R) 


( 110 ) 


( 111 ) 


Proof of Corollary \7.4\ Observe that for all t E [0, T], Y G N, J G Po(H), R ^ L^{U) if holds that 

max{||F(Y,^’^’^)|Up(P;H)J|i?(Y,^’^’^)IU.(P;HS(c^^^^ 

< ||Y(0)||/f + ||5(0)||Hs({/,rf) + C'||(-v4)'^“'^||i(P^)(l + \\Y/^’^’^\\^p(c+i)(p.H.y)) • 

Proposition 17.31 hence proves that 

suPneLpu) sup7veNSuPig[o,r] (+ \\B{yF^’^)\\lp(^p,h)) < oo. (112) 
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Moreover, note that for all t G [0,T] it holds that 

max{||F(Xi)|| 2 ,P(p;/f), ||-B(-^t)||LP(P;HS([/,H))} 

< ll-^(0)lk+ 11^(0)IIHS(t/,rf) + C'||(--4)'^"^||L(rf)(l + II-^JlpG+i)(P;h^))''"^^- 
Proposition 17.31 hence shows that 

SUPt6[o,T] ll^(^t)IUp(P;H) +SUPig[o,T] || IUp(P;r^) < OO. 

The proof of Corollary 17.41 is thus completed. 


(113) 

(114) 

□ 


Corollary 7.5. Assume the setting in Section \771\ let rj G [ 7 , y 2 ), assume that ^(f2) C 77 ^, assume 
fhaf < 00 , assume that for all X G Hi it holds that {x, F (x)) h ll-^(^)llHS([/g) — 

C(1 + ||x||y), and let : [0,T] x f2 —)■ G Po(EI)) be {Xt)te[o,T]-cidapted stochastic processes 

with continuous sample paths such that for all t E [0, T], / G Po(KI) it holds F-a.s. that 


Xl = Pjf+ / [AX^, +PiF{X^,)]ds+ / PiB{Xl)dWs. 


(115) 


Then it holds for all t G [0,T] that P(Xj G 77^) = 1 and it holds that 

SUPij6Li(t/) SUp^gp(H) sup^vgj^ SUPig[0,r] {\\yt’^’^’^\\LP(P-,H^) + ||^/||L^>(P;r/„)) < OO. (116) 

Proof of Corollary \7.^ Combining Lemma l3^ and Corollary [73] proves Vf G [0,T]: P{Xt G 77^) = 1 
and (11161) . The proof of Corollary 17.51 is thus completed. □ 

Theorem 7.6. Assume the setting in Section \7C\ let v G ( 0 , 1/2 — 6), p E [max{5, 7 }, 1 / 2 ), n E 
(2/p, cx)), assume that ^(f 2 ) C 77^, assume that ]E|^||^||^h+i)pmax{K,Ve}j ^ assume that for all 

x,y E Hi it holds that (x, F{x))h A 


2a{c-\-l)p max{«:,i/6}—1 


H' 


(p-l)(l+£) 


II^(^)IIhs(c/,h) < C'(l + I|a;|llf) {x-y, Ax¬ 
il B{x) — -B(?/)|lHS(( 7 ir) — ^ ~ ylfn- Then there exists a real number 


Ay + F{x)-F{y)) 

K G [0, cx)) such that for all N E¥i,I E Po(lHI), R A L^{U) it holds that 


sup llXt-Yi 

i6[0,T] 


\\Lp{P;H) Si 


^ + ||7e\/||L(/i',_H'5_,,) + sup 

veHr, 




(117) 


Proof of Theorem \7.6\ First of all, observe that it is well known that the fact that the functions 
F/(77) 9 X ^ F/(F(x)) G P/(77),/ G Fo(H), and P/(77) 9 x ^ P/(P(x))P G HS(P(P), P/(77)), 7 G 
Po(lHI),P £ T^{U)y cire locally Lipschitz continuous and the fact that Vx G Hi: {x,F{x))h + 
2 a{c+i)p max{K,i/fl}-i || IIHS(; 7 H) — ^*(1 + ||a^|iy) cusure that there exist (Pt)ig[o,T]-adapted stochastic 
processes X^T- [0, T] x f2 —)■ Pj{H^), I E Po(]HI), R E H{U), with continuous sample paths such that 
for all t E [0,T],7 G Po{M),R E L^{U) it holds P-a.s. that 


xl-’‘ = P,i+ / [AXl-’‘+ P,F(Xl-’‘)]ds+ / PiBiXi’pRdW, 


(118) 


Moreover, note that the triangle inequality proves that for all t E [0,T],iV G N,7,7 G Po(]H[), 
R E L^{U) with 7 C 7 it holds that 


ll^i 


y/^'^'^llLP(F-,H) < llXt — IIlp(^^.h) + llxl’^^'^ — XI - \\lp(F-H} 

I II yPldu -^7,J?|| , II yI,R \pN,I,R\\ 

F W^t ~ F-t \\lp{F-,H) + \\Fi — \\lp{F-,H)- 


-IMo 


^IMu I 


(119) 
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In the next step we note that the assumption that H is separable implies that there exist non¬ 
decreasing sets In G Po(EI); 'H. G N, with the property that = H. Next we combine Corollary 

14.41 Lemma Pm and Lemma \T7I\ to obtain that for all t G [0,T],iV, n G N, J G Vo{M),R G L^{U) 
with J C it holds that 

ll^t ~ < ll-^i — + (||(“^) ^\\l{H) + -|- i)) 

p(2p—l) max{l,T^/^} 


sup„e[o,r] [l -h 2 sup^gjo^j.] -^ ^^-2{&+y) 

1 + exp j (TC'^p(i + i)) p j (i + sup,g[o,T] ||^, 


"/,Id(7 ||K 

"s \\L‘^P'^{V-,Hn) 


sup^gj^, 


||B(i;)(Idc,-il)||HS(c/,«_,) 

i+lhll&. 


3(l -h U\\L2pcQ!>-,H^))Cmax{l,T} 


1 . I pc{2pc-l) 


l + supig[ 0 ,r] II L2pca(p.H) 

3 

+ SUp^gfo^T] \\^s^’^’^\\L'2p{¥-,Hr,) j 1^1 + 2 
1 + sup,g[ 0 _ 2 .] 


l-(7+a) ^ Y 1-2(7+^) 

1 -f‘SUPgg[o,T] Il-^(^s ’ ’ ) -|- a/p(2p — 1) SUp^giQ -p] ||i?(fY ’ ’ ) lll,^P/«(P;HS([/,H)) 

||'ClU2pc(p.J^^) -I- C 


( 120 ) 


11 +^ 


rpl-{-,+a) / pc(2pc-l) rpl;-('y+P) 

l-(7+a) ^ V (1-2(7+/3))^ 


Moreover, observe that Proposition 17.31 shows that 

sup sup sup sup ( ||Xt||i 2 pc(p.^^^) ||X/’^'^^||i 2 pca(p.j:^) ||Fi^’'^’'^||i 2 pca(p.^) ) < CO (121) 

/e-PolH) Renpc/) te[o,T] wew ^ 2 

and hm„^oo sup^gjo^T] ~ = 0- Combining this with 01201) implies that for all N G 

N, / G Po(EI); R £ R^{R) if holds that 

suPtg[o,r] ll-^i - ^i^’^’'^||Lp(P;rr) < (II (-24 )“'^||l(h) + e^'^+^^'^C'p(l -h ^)) sup^gjo^r] ||-PH\/X„||i2p(p.^^) 


•y/p(2p— 1 ) max{l,Tl/2 j 


sup^gH, 


||BW(Idc/-R)||HS((/.ff_,) 


■ [1 + 2 ^up„„„,,, ||A 7 ||^,.(,^„,,] + 

. (1 + exp (leMpiM) (Tcy(l + 1)) 5)(! + sup,e[„,T| II A'; 

[1 + ^’^Ptg[o,r] l|A'f' ^ llL 2 p^..(r;p)] 


"/,Idj 7 IIK 

"s \\L'^pi^{V-,Hr,) 


1 _|_ , / pc(2pc-l) 


3(1 +||ellL2pc(P;H,))C'max{l,T} , y i-2(7+/3) 

+ /V'-’'=pgg^(C=(l + ■A.)p)‘'''exp(2£»±iM) (^s^i +sup,^,„^^| ||F(yy'''>)n..,.,e^„) 

+ Vp(2p- 1) SUp,g[0,T] \\BiY^^'^'^)\\L^P/0(P-,US{U,H)) "" + SUp,g[0,T] I|1"s^’^’'^I|l2p(P;Hp) 

1 -h SUp^gjo^T] l|l^s^’^’^llL2pca(p.j7) 


( 122 ) 


1 + 2 


iieiU2Pc {¥-,H-y) + C 


rpl-(j+a) / pc{2pc-l) rpl-(.y+l3) 

l-(7+a) Y (1-2(7+/3)) 


Furthermore, note that Corollary 17.51 proves that for all f G [0,T] it holds that P(Xt G Hrf) = 1 and 
sup sup sup sup (||yf^’-^’'^||i: 2 p(p.^^) + ||X/’“^||i 2 p«(p.j^^) + ||Xji 2 p(p.^^)) < cx). ( 123 ) 

/e'Po(H)ReLi(i7)te[o,r] weN A / 
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Combining Corollary 17.41 and fll21|l - fll23jl proves that there exists a real number K G [0, oo) such 
that for all iV G N, / G 'Po(KI )5 R ^ if holds that 


sup \\Xi — Y^ \\lp{F;H) 

t£[0,T] 


< K 


sup ||PH\7^t| 
.te[o,T] 


L^P{¥-,Hs) 


+ + sup ( 

veHr, ^ 


||B(t;)(Idc,-R)||HS(c/.if_,) 


(124) 


Moreover, note that for all I G Po(m) h holds that 


supt6[o,T] \\Rm\iXt\\L^P(j!>-Hs) < ll-PH\7||L(rr,Hj_„)Suptg[o^-r] ||Xt||x,2p(p.j^^). 

Combining this, fll23p . and fll24p completes the proof of Theorem 17.61 


(125) 

□ 


8 A stochastic reaction-diffusion partial differential equa¬ 
tion 


In this section we illustrate Theorem 17. 6l bv a simple example, that is, we illustrate Theorem l7.6l in the 
case of a stochastic reaction-diffusion partial differential equation. More formally, let {H, (•, •) h, IMIi^) 
be the R-Hilbert space of equivalence classes of Lebesgue square integrable functions from (0,1) to 
R, let T, p, K,e,a e (0, oo),9 e ( 0 , 1 / 4 ], 7 G ( 1 / 4 , 1 / 2 ), (e„)„6N ^ H, (rn)neiN ^ R, (An)neiN ^ R satisfy 
that for all n G N and p(o,i)-almost all x G (0,1) it holds that e„(a;) = \/2sin(?7,7ra;), \n = — 
and sup^gj^ (m • \rm\) < 00 , let A: D{A) H ^ H he the linear operator such that D{A) = G 
H- Er=i|An(e.,n) h\‘^ < cxo} and such that for all v G D{A) it holds that Av = ^n{^n, v)n^n, 

let Q G Li{H) be the linear operator such that for all n G it holds that Qv = v)Hen, 

let {Hr, (•, ■)Hr, IMIh )h ^ R, be a family of interpolation spaces associated to —A (see, e.g.. Theorem 
and Dehnition 2.5.32 in [K]), let (f2, P) be a probability space with a normal hltration {Ht)t&[Q^T]^ 
let ^ G i7i/2 satisfy that for p,( 07 )-almost all x G (0,1) it holds that ^(x) > 0, let (IT’t)^gjQ be a 
cylindrical Id//-Wiener process with respect to (Ht)tG[o,T], let F G C{H^,H) and B G C{H^,hih{H)) 
be the functions with the properties that for all v G H-^, u E H and p(o,i)-almost all x G (0,1) it holds 
that (F(n))(a;) = k |n(a;)| (p — v{x)) and (yB{v){u)){x) = a ■v{x) ■ (y\/Qu){x), let (Pn)neN ^ L{H) be 
the linear operators with the property that for all x G i7, n G N it holds that Pn{x) = x)h€-i, 

let X ^ Pn{H^), N,n,m, G N, be {Ft)t& [o,T]-adapted stochastic processes such that 

for all t G [0,T], iV,?7,,m G N it holds P-a.s. that 


YN,n,m ^ tAp C , [ pO-pjT/Jvl^l -ii p , 


(126) 




flip mi _1_IIP \\\ ^ \ ^ \ S I 'F / ^ R^lTl dITc 


and let X \ [0, T] x fl —)■ be an (J^i)ig[o,T]-adapted stochastic process with continuous sample paths 

such that for all t G [0,T] it holds P-a.s. that 

Xi = e*^e+ [ e^^-^^^F{X,)ds+ [ e^^-^^^B{Xs) dWs. (127) 

Jo Jo 

The stochastic process X is thus a solution process of the SPDE 


dXt(x) = 


e:g,Xt{x) + KXt{x) (p - Xt{x)) dt + aXt{x) dWt{x), Xo{x) = ^(x), ^*(0) = Xt{l) = 0 
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for t e [0,T], X e (0,1). We intend to apply Theorem 17.61 to estimate the quantities sup^g[o,T] W^t — 
for p G [2,oo), N,n,m G N. To this end, we now check the assumptions of The¬ 
orem iTrl First, observe that the assumption that 7 > y 4 ensures that for all v G H.y it holds 
that 


= sup = sup ("pi 

zeH^\{o} ^ "" t - ^ zeH-f\{o} V ' 


y\{0} 

< sup 

2:Ei^7\{0} 


K ■ |n(a;)| ■ (p — v{x)) ■ z{x) dx 


\\z 


J K ■ \v{x)\ ■ \p — v{x)\dx'^ 


<k| sup I |y||^(p+ lyiu 


(128) 


zGH-y\{0} 




<1 sup "^"^“( 70 , 1 )^^) I 3Km^{l,p} ( 1 + ||^;||^) < 

zeH^\{o} ^ 


00 . 


Next note that the triangle inequality shows that for all a:, p G IR it holds that 


||x| [p-x)- \y\{p-y)\ < p\x -y\ + \\x\x - \y\y\ 

< p\x -y\ + \\x\x - \y\x\ + \\y\x- \y\y\ <p\x-y\ + |a;| ||a;| - \y\ \ + \y\ \x - y\ 

< p\x-y\ + |a;| \x - y\ + \y\ \x - y\ < max{l,p} |a; - |/| (1 |a;| \y\). 


This implies that for all m, n G it holds that 


||F(m)-F( v)||j:^ = K / ||m(s)| (p-m(s)) - |'i;(s)| (p-n(s))| ds 


1/2 


< K max{l, p} 


1 \ V 2 

|■u(s) - n(s)|^ [1 + |m(s)| + y(s)|]^ ds 


0 


< 


sup — "'ll ) Kmax{l,p} ||m - v\\jj (l -h \\u\\h^ ||n||p) • 


(129) 


(130) 


Moreover, note that for all m, n G it holds that 


\\B{u) - 5(n)||Hg(j^) = \\B{u - n)llHs(ir) = 

OC 

^r^lKw-n) e. 


a 


Y1 l|(““^) 


= a 


n=l 

1 V 2 


1/2 


2 

nUH 


n=l 


(131) 


< ( 71^2 Trace(Q) \\u — v\\j^ . 


This shows that for all v G H^, p G [0, cx)) it holds that 

{v,F{v))h + p\\B{v)\\Is(^j^^ < Kp\\v\\% + p\\B{v)\\Is(h) < (Kp + 2p|cr|^Trace(Q)) \\v\\% . (132) 

Furthermore, note that fll3ip and the fact that the function R 9 x i-7 —x |x| G R is non-decreasing 
show that for all u,v E Hi, p G [0, cx)) it holds that 


{u - V, Au - Av + F{u) - F{v))h + p\\B{u) -5(r;)||HS(H) 

< up ||m — v\fjj — k {u — V, u \u\ — v \v\) jj + 2p \af‘ Trace(Q) ||m — (133) 

< (kp -|- 2p \af‘ Trace(Q)) ||m — v\\\ . 
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Combining fll28j) . fll30p . fll3ip . fll32p . and fll33p allows us to apply Theorem 17.61 to obtain that for 
every r] G [7,1/2), v G (0, ^ 2 ), k G (0, cxo), p G [2, cxd) there exists a real number K G [0, 00 ) such that 
for all u, m G N it holds that 


sup 

t&[ 0 ,T] 


X* - Y, 


N,n,m I 


\lp{¥-H) 


< K 


N-^ + + sup 

V&Hr, 


nmv){ldH-Pm)\\YlS(H,H_, 
V (1 + lhllif^)" 



(134) 


In the next step we intend to estimate the third summand on the right hand side of fll34p . For this 
let IMlHr((o 1 ) R) • H —)■ [0,cx)], r G (0,1), be the functions with the property that for all r G (0,1), 
u G -ff it holds that 


Ih’'((o,i),]r) 



v{x)\‘^ dx + 



\v(x)-v{yY 


1/2 


dx dy 


(136) 


Note that there exists real numbers 'dr G [1, 00 ), r G (0, 1 / 2 ), such that for all r G (0, 1 / 2 ), v & Hr it 
holds that 


'dr 




< 



< 'dr llul 


r/2r-((0,l),]R) 


(136) 


(see, e.g., A. Lunardi [23] or also (A.46) in Da Prato & Zabczyk [5]). In addition, we observe that 
for all M, u G Al(i3((0,1)), i3(R)), r G (0,1), s G (r, 00 ) it holds that 


\u ■ V 


Ih’-((0,1),]R) — ll'^llrn'((0,l),]R) (^^Pa;e(0,l) l'*^(^)l + ®^Pxe(0,l),j/e(x,l) 


\u{x)-u{y)\ 

\x-y\'> 


(137) 
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(cf., e.g., Jentzen & Rockner [HI (22)-(23)]). This and fll36p prove that for all m e N, r e [ 7 , V 2 ), 
s G (2r — 1 / 2 , 00 ), 1/ G (^2 + 1 / 4 , 00), V E Hr it holds that 


= |A.„+ir’'||(-4rB(«)-(-4)- 


Ihs(h) 


= |A. 


J^Wi-AYBivTi-Ar-e,. 


|2 

\h 


\K 


Y, |r4|A„r'"‘'|(e<..(-4r(!.-e„))„| 

,n,k=l 


_n=l 

1/2 


1/2 


< 


< 


I A, 


sup |rfc| 


fcSN 


1/2 


I A, 


|An| |(efc, ^^^\v-en)) 

_n,k=l 

1/2 


H\ 


1/2 


1/4 

ir 

sup (Afc)^^^ 

00 

Y, lit' • e„||^^2n-l/2 

T. 1 

[fceiN J 

_n=l 


(138) 


< 


1?r-l/4 V 2 ||(-A) 1 / 4 q 1 / 2 ||^j^j lhll^2r-l/2((0 

[aTT 


n=l 


fn. A 3 \enix)-e„(y)\ 

^is-ir ™P2;e(0,l),!/6(a;,l) \x — y\‘‘ 

^ - 


1 1/2 


I An I 


“ iA^r 


rvn I /q |sin(n7ra:)—sin(n7r'v)|'^ 

V2^4r ®“P 3 ,e( 0 ,l) SUPj,g(:j,l) \x-y\‘ 


E 




2-1 1/2 


n=l 


< 


< 


2|d,,/4tlK-4)'/‘<3‘P|U,„, ||i,| 


H, 


- 1/4 


2 |^9r-l/4| 


E 

n=l 


-4i/ 


I An I 


1 + (riTT'" 


11/2 


Vl+2s—4r 


r— 1/4 


^(i2+r) ^(2i/+2r) ^2r 


1 + 


7r^\/3 

\/l+2s—4r 


E' 

n=l 


(2s-4m) 


< CXD. 


This implies that for all m G N, 7 G [ 7 , 1 / 2 ), s G {2ri — 1 / 2 ), i/ G (^2 + 1 / 4 , 1 / 2 ) it holds that 


sup 

v&Hr, y 




1 + ||u| 


Hr, 


^{u+y+l/i) ^277 ^ 8^2 + 1/4 — rj) 


E' 

n=l 


{2s-4z/) 


< CX). (139) 


Combining this with fll34p shows that for every rj G [ 7 , ^/ 2 ), p G [2, cxo) there exists a real number 
K G [0, cxo) such that for all iV, n, m G N it holds that 

^ ^ + "'■'I • 


sup \\Xt-Yi 

i6[0,T] 


(140) 


This ensures that for every p,L E (0, cxo) there exists a real number K E [0, cxo) such that for all 
iV, n, m G N it holds that 


sup \\Xt - Ft 
te[o,r] 


N,n^m I 


< K 


111 

+ + 


L'P{V\H) y 


(141) 


In particular, this shows that for every p, i G (0, 00 ) there exists a real number K E [0, cxo) such that 
for all n G N it holds that supjgjQ ^’] \\Xt — '^''^\\lp(¥-,h) < K ■ 
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